Са Heo bec. j NA IF STR 


Bulletin of the 


Calcutta Mathematical Society 
x Vol. 1. 59) 2%, 57 
BE 


_ APRIL; 1909—JANUARY, 1910. 


| PUBLISHED BY THE. 
CALCUTTA MATHEMATICAL SOCIETY, 
|. SENATE HOUSE, CALCUTTA. 
PRINTED AT THE > 
BAPTIST. MISSION PRESS, CALOUTTA. 
- 1913. | 


“Rs. 10 per year. 


У; 


| PROGEEDINGS 


CONTENTS 





„us METHOD: ОҒ. onon 


ON A CERTAIN CUBIC SURFACE. "n THE MOBIUS 


DONE ? 


SURFAOE. By Рвоғиввон C. E. Сплав . 
NEW ETHODS IN THE GEOMETRY OF A "PLANE 
АВС, І. Ву Рвоғиязов Syama Das MUKHOPADHYAYA .. 
ON A NON-ANALYTICAL POTENTIAL “FUNCTION. By 
PROFESSOR Самевн PRASAD .. 
SUMMARY OF PRINCIPAL "MATHEMATICAL J OURNAIS: 
` Mathematische Annálen, Vol. 66, Parts 1—3 
Journal de Mathematiques (Lionville? sJ ournal), Bories 8, 
Vol.4, Nos. 1 and 2 - е 
Annals of Mathematics, Series 2, Nol. 9, Nos, 2 and 3 
SOCIETIES AND: ACADEMIES: 
Academy of Soignces, Paris, January—June, 1908 
Royal Society, London, January—March, 1909 .. ... 
London Mathematical Society, January—March; 1809 .. 
American Mathematical Society, April 1907—April 1908 
> REVIEWS: 
A course of Pure, Mathematios. а. Н. Harpy 
Traite de Trigonometrio. J. А. SERRET .. 
The Corpuscular Theory of Matter. Sm J. J. Thomson- 
NOTES AND.NEWS . ..-. 


N NEW PUBLICATIONS, КЕНЕ 


LIST OF FOUNDATION о : | | PNE 
- LIST OF -BOOKS .. os 


es -08 А CERTAIN GUBIC SURFACE’ CALLED. THE MÓBIUS 


- SURFACE (PART ID. By Рвовкввов C. E. Соілав - 
"THE EQUATION OF DIGITS: BEING AN ELEMENT Y 
APPLICATION. OF A PRINCIPLE OF NUMERAL 
GROUPING TO THE SOLUTION OF NUMERIZAL 
EQUATIONS. By Рвоғвязов BRAJENDRA Natu BEAL .. 
ON RATES OF VARIATION OF THE OSCULATING 
CONIC.- By Рвоғиввов Syama Das МОКНОРАРНУАХА . 
- ON. THE FOUNDATIONS OF THE THEORY ОБ SUB 
қ FACES: By Раокнввов GanEsH PRASAD .. 
SPACE AND TIME. 


. SUMMARY OF PRINCIPAL MATHEMATICAL JOURNALS: 
Mathematische Annalen, Vol. 67, Parts 1 and 2... ia 
SOCIETIES AND ACADEMIES: < ` 
: - Academy of Sciencés, Paris, July—December, 1908 
German Association of Mathematicians; 1008 .. 
Royal Society, London, April—June, 1909 . 
London Mathematical Society, April—June, 1909 | 
_ REVIEWS: 
‚ * Introduction to Higher Algebra, Maxime Bóoher | 
к: Ап Introduction {о the Study of Integral Equations, 
Maxime Bócher' .. 
The Mathematical TT of E Bleotrioity а and Magnetism, 
J. H. JEANS 





іу | - . . . OONTENTS... 


Рада 


NOTES AND NEWS жө c WA 4% ues зға e. (GT 
NEW PUBLICATIONS x © X. 100 
ON THE EQUATIONS OF ‘MOBIUS SURFACES OF ALL . 
~ PITCHES (PART I)' By Рвориввов C. E. Cunus ., .. 169 
PARAMETRIC COEFFICIENTS IN THE DIFFERENTIAL . ` 
GEOMETRY OF OURVES, 1. Ву PROFESSOR Syama Das. 
MUKHOPADHYAYA NEC 2187 
SUMMARY. ОҒ PRINCIPAL MATHEMATICAL J OURNALS:- 
- Mathematische Annalen, Vol. 68; Parts-2 and 3 . 201 
Journal de Mathomptiqne (оше gJ ournal), Vol. 4, 
Nos. 3 and 4. А De 
REVIEWS: 5 ai 
: An Introduction to the theory of Infinite Series. T. J. ГА. 
BROMWITOH .. .. 907 
Grundzüge der Differential- ‘und Tategralrechnung, G. 
KOWALEBSWSKI | .. 210 ` 
The Ether of Spaoe. "бів Ошунв Loner.. 5 .. .. 20 
SOCIETIES AND ACADEMIES: 
Royal Sooiety, London, July—September, 1909, ‚г 216 
London Mathematical Sooiety, J uly.—September , 1909 | 216 


Academy of Sciences, Paris, J anuary—September, 1909.. 217 
American Mathematical 1 Society (ашна), April— тА 


July, 1909 .. ei Re e .. 218 
SIMON- NEWCOMB .." ..  .. ^... ^. | BO 
NOTES AND NEWS . . . .. wk .. e e 222 
NEW PUBLICATIONS  ..'* e x .. 995 
LIST OF ADDITIONS TO THE LIBRARY | а. BOB 


PARAMETRIO COEFFICIENTS IN THE DIFFERENTIAL 
GEOMETRY OF CURVES, П. Ву Реокиввов Syama Das 


MUKHOPADHYAYA 22 - 238 
ON THE EQUATIONS | OF. -MÓBIUS SURFACES OF ALL | 
‘PITCHES. (PART П). Ву Рвоғизвов C. E. Curiis .. 245 
THE THEORY OF ELECTRONS. By „РворЕввов Е: Р. ` 
. Harrison - ..: 265 
THE FUTURE OF MATHEMATICS, hy Наны Poxtoans | ` 277 
PROCEEDINGS T ss x 3 5 ec .. 985. 
REVIEWS : : 
Introduotion á la théorie des équations а Ву 
TRAJAN LALESCO .. 289 
L'equation de Fredholm et вев epplications óla la Physique 
Mathematique. Ву Haywoop and FRÁ 5 289- 
Problémes et exercises de yea 9 By 
КАВЕХ А av 
NOTES AND NEWS .; D aac. oe би оо АВО 
SOCIETIES AND ACADEMIES : E з 


Academy of Sciences, Paris, October—December, 1909 .. 207 
American Mathematical Society, Ootobér— December, 1909 298 | 
London Mathematical Society, October—December, 1909 298 


DU 


Calcutta: Mathematical Society. , 


Tho third Monthly Meeting of the Бака was held at the Senate 
House on the 28rd January, 1909, - 


. The Hon’ble Mr. Justice Asutosh Mookerjee,- M.A , D.So., D.L., Presi- 
dent, was in the Chair. 


The following candidates were proposed for election as members of 
the Society :— 

Mrs, Bnehalatá Maitra, B.A. (proposed by the Secretary); Mr. 
Abinash Chandra Ghosh, B.A., Lecturer, Bangabasi' College, Сеооа 
(proposed by the Secretary); Mr. Baidya Nath Bose, M.A., Principal, 
D. J. College, Monghyr (proposed by the Secretary); Mr Nagendra Nath 
Banerjee, M.A., B.L, Pleader, Alipur (proposed by the Secretary); Mr. 

{Jitendra Mohan Ray, O.E., Assistant Engineer, v Ваю: «(рго- 
роко by the Secretary). 


~ Fifty-seven presents were announced as having been seal includ- 
ing, amongst-others :— 

Lamb, Hydrodynamics, 3rd ed, ; Sir R. Ball, Theory of Screws ; Whit- 
taker, Modern Analysis; Campbell, Theory of Continuous Groups; Gran- 
ville, Differential and Integral. Calculus: (presented by: the Hon'ble 
Dr. Asutosh Mookerjee). Oayley, Math. Papers, vol i : (presented by 
Mr. Manindra Nath Bhuttacharjee). Lacroix, Calcul Différential et 
Intégral, 8 vols;. Price, Infinitesimal Oaleulus, 2 vols; Arago, Popular 
Astronomy, 2 vols; Resal, Traité de Mécanique Générale, 7 vols; Biot, 
Traité d'Astronomie Physique, 4 vols: (presented by Dr. S. C. Bagchi). 


‚ The following papers-were presented to the Society :— 

Professor C. E. Cullis : - On в certain Cubio Surface called the Möbius 
Surface. en 

Dr. 8. C, Bagchi: On the | Jordan Ourves on Riemann’s Surface. 

Professor Syama Das Mookerjee: New Methods in the Geometry 
ої a Plane Arc; Oyclic and Sextactic Points. 

Mr. Phanindra Lal Gangooly: Ona problem in Double-Star Astron- 
omy, ` , 

Mr. P. N. Dutt: On Dynamical Deductions from certain equations. 

The first two papers were partly read. 
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The February meeting ofthe Society was held at the Senate House 
on the 18th February, 1909. 


. . The Hon’ble Mr. Justice Asutosb кошл М.А., D. So, D.L., Pre- 
sident, was in the Ohair. | 


У 


The following Я were proposed di election as members of 
the Society :— 


Mr. Brojo Lal Mookerjee, M.A., Solicitor (proposed by the Secretary) ; , 
Col. 8. Q. Burrard, F.R.S., B.B., Superintendent, Trigonometrical Surveys, 
Dehra Dun (proposed by the Secretary)’; ' Mr. J. deG. Hunter, B.A., 
(Oantab), “Survey Department, Lahore (proposed by the Secretary) ; 
Mr. Mobini Mohan Ray, M.A., Professor of. Mathematics, Krishnath 
College, ' Berhampur, Bengal (proposed by the Secretary); Mr. Indu Lal 
Bhuttacharjee, M.A,B.L. Assistant Superintendent, Office of the Ac- 
countant General, Burma (proposed by the Secretary) ; Mr: J. C. Bagchi, 
В.А. (Cantab), Bar.-at-Law (proposed by the Secretary). 


The following papers were presented to the Society 1-- 
Dr. 6. C. Bagchi: On Freedom and Geometry. 
'. Mr. Phanindra Lal Gangooly: The Future of Mathematics; trans- 


lated. from an address-by H. Poincaré read at the International Congress о 
Mathematicians held in Rome, 1908. 


` Professor Syama Das Mookerjee read his paper on Ses Methods in the 
Geometry of a Plane Arc, and Dr. Ganesh Prasad gave в brief account of 
his recent investigations into the solutions of partial differentia! equations 
- of elliptic type. 
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The March meeting of the Society was held at the Senate. House on 
the 17th Mareh, 1909, , 


. «The Hon’ble Mr. Justice Asutosh Mookerjee, M.A., D.Sc. D.L, Pre- 
sident, was in the Chair. | 


“ 


The following candidates were pioposed for election as members of the 
Socieby :— 

Mr. Lakshmi Narayan, МА, Professor of Mathematica, Central , 
Hindu College, Benares (proposed by Dr. Ganesh Prasad); Mr. Ohandi ' 
Prasad, B.A., B.Sc., Demonstrator in Physics, Queen's College, Benares 
(proposed by Dr. Ganesh Prüsad); Dr. G. Thibaut, ОДЕ. Ph.D., D.Sc; 
Registrar, Oalentta, University (proposed by the Secretary); Mr. 
Jnanendra Nath Gangooly, District Engineer, Howrah'(proposed by the 
Secretary); Mr. Sudarsan Chakravarti, B.L., Vakil, Rajshahi (proposed 
by Mr. Bireswar Bagchi); Mr. Mukundo Nath Ghosh, B.L., Pleader, 
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Rajshahi (proposed by Mr. Bireswar Bagchi); Mv. Kedareswar Acharya, 
M.B., Rajshahi (proposed by Mr Bireswar Bagchi); Mr. P. K. Dutt, 
M.A. (Cantab), Professor of Physics, Central Hindn College, Benares 
(proposed by Dr. Ganesh Prasad); Mr. Umesh Chandra Ghosh, М.А., 
Professor of Mathematics, Muir Central College, Allahabad (proposed by 
the Secretary); Mr. S. C. Ray, B.A., Bar.-at-Law (proposed by Mr. Р. N. 
Dutt). 

Mrs. Snehalata Maitra, Messrs. Abinash Chandra Ghosh, Baidya Nath 
Bose, Nagendra Nath Banerjee, Jitendra Mohan Ray were balloted for 
and duly elected members of the Society :— 


The following papers were presented to the Society :— 

Professor Hari Lal Chaudhuri: On Envelopes of Tangents to a System 
of Conica through four points (communicated by the President). 

Dr. 8. О. Bagchi: Sophus Lie and his Influence on Geometry. 

Professor Syama Пав” Mookerjee: On Rates of Variation of the 
Osculating Oonic. 

Mr. Phanindra Lal Gangooly: On Infinite Determinants. 

Mr. P. N. Dutt read his paper on Dynamical deductions from certain 

equations, and Dr. 8. C. Bagchi gave an interesting account of the pro- 

found influence of Sophus Lie on Geometry. 


ВЕНЕРАСТОВВ or THE Soorsty. 


; Dr. Resh Behari Ghosh, Mr, R. М. Mookerjee, and Mr. Mahendra 
Nath Hay have each contributed two-hundred and fifty rupees to the 
General Funds of the Society. 


Тһе Method of Poincaré.” 


The question is often asked, what are the mathematical works of 
Poincaré to- which he owes his world:widé renown P Unfortunately, the 
fact- that the name of a mathematician is universally known, does not 
render his theories of Mathématical Ánalyeis more accessible. In these 
` matters, the curiosity of the public is too modest and may be satisfied 
with words without any knowledge of the ideas. To satisfy the public 
curiosity in that way may be an amusing task, but it would be out of 
place here, The only advice which can be given to those who have a real 
desire to read: and understand the mathematical, works and memoirs of 
Poincaré, is that they should first prepare themselves by mathematical 
atudies extending over a dozen years; three or four years would be suffi- 
cient for those who are already familiar with the elements taught in the 
lyoóes and écoles. - | - | 

| -If we should give up our attempt to render accessible the resulta of 
- the researches which have placed Poincaré at the side of the five or six 
great mathematicians of the nineteenth century and in the forefront of the 
mathematicians of the twentieth ventury, it need not perhaps be the same 
with the method employed in those researches. Here an endeavour will be 
made-to describe briefly that metod. The attempt is not indiscreet, for 
Poincaré has-never sought to conceal the march of his genius. 

The method of Poincaré ів essentially active and constructive, Не 
approaches a question, acquaints himself with its present condition with- 
out being much anxious about its history, finds out immediately the new 
analytical formulas by which the question can be advanced, deduces has- 
у the essential results, and then passes to another question. After 
having finished the writing of a memoir, Бе is sure. to pause for a while, 
and think out how the exposition could be improved ; but he would not, for 
в single instant, indulge in the idea of devoting several days to didactic 
work. Those days could be better utilised in exploring new regions. 

All this is not -specially applicable to mathematics. Let us examine 
more closely the mechanism mady use of for discovery. The essential 





` * Translated from an a article bý Emile Barel which appeared in La Revue 
du Mois, March 10, 1909; 


« 


ква ы ' — The Method of Poincaré. 
‘feature of that mechanism is, as we have already pointed out, the сопі . 
struction of new formulas. It is not useless that some stress is laid on 
this point, for this constructive power is the essential trait of the ‘genius d 
of Poincaré. The non-mathematical readers can be made to understand all . 
this by means of a comparison. They know what arithmetical calculation is, 
~ and are often led; іо believe that mathomaticians are in the habit of 
interminable: ‘additions, multiplications, ete. and also extractions of cube > 
roots... In ‘reality. arithmetical operations are unique combinations of in-: 
tegral numbers formed of units Which are all equal to one another. These ` 
operations can be pompared о the constraction of regular walls by means 
of bricks of a uniform size. ` Only the work requires somé patience and a 
little care. On the contrary, analytical operations make use of oxtremely й 
"numerous materials and their variety is comparable to those of architeo- . 
tures where stone, marble, wood, iron, etc, aro used. Those operations ` 
are as different from each other as Guirassé ів from a Gothig Church. 
They have also with the architectural constructions this in common, that 
an’ impression of beauty: is produced by the simplicity and elegance ої the- 
essential lines, without any effort by which the result has been obtained 
being apparent. ` . 
` “Роіпсагб-ін a great constructor, Hec can exaotly adapt his знані 
tion to the end he desires to attain, without any difficulty being able to 
thwart his efforts, From this point of view, his activity Gan be compared 
to that of men of action. who crush all the obstacles standing in their way. 
- The difference i is that the НА of Poincaré‘ are limited to the domain 
“of thought. и 
It would be ИЕА to enquire to "what extent this method of work 
has influenced the philosophy of Poincaré. Men of action generally look 
down with-great contempt upon those individuals whom they bring into 
submission to their own will Во the man accustomed to see the formulas 
yielding to the force of his genius, may be tempted not to attribute to 
them a value absolutely superior to his individual judgment. ТЕ the 
philosophical conceptions of Poincaré are considered from this point of 
. view, they will- appear to the reader to be full of interest, and at.the same 
time their. true significance will be better understood. 
` The preceding lines may, indeed, be regarded as containing a sort of 
refutation, in the name. of the science, ; of all positive and rational coneep- 
tion, But ів it not contradictory to condemn in the ndrhe,of science the 
foundation of all sciences ? Recently in a mundane and academic cere- 
mony, & historian boasted of never having understood the first principles 
_ of mathematics, and.called those as primaires, who would not interpret the 
ideas of Роіповтб in the samo way аз he did. Не did but little reflect 
' that in order to understand those ideas, he would require some knowledge 
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of certain indispensable things, including perhaps that which is acquired 
in the course of primary education, Like that historian, certain persons 
refuse to admit that some knowledge of the elements of sciences is indispen- 
sable for being conversant with scientific philosophy. They prefer to 
treat with contempt those who attach any араш to the acquisition 
of those elements. 

Let us now return to the mathematical method of Poincaré. That 
method can be best described by saying that Poincaré is more a conqueror 
than a coloniser. He boldly advances into unexplored regions, and then 
leaving to others the work of organisation, he proceeds towards МЕР regions 
where his presence will be more necessary. 

Poincaré attaches little importance to conceptions which cannot be 
immediately realised in а concrete form. This again is a trait of charac. 
ter which he has in common with men of action, He is neither а dreamer 
nor an ideologist, and it could almost be said, if there be no risk of 
a statement so paradoxical being misunderstood, that his brain works 
unremittingly and never pauses for reflection. Let us simply say that 
his method of work is too active to leave room for any reflection which 
does not immediately lead to a concrete result, 

Thanks to that method, that he has been able to give to the world a 
scientific production which is the most considerable, since Gauss and Cau. 
chy, and which, not ceasing to grow in extent every year, will perbaps end 
by constituting the most important contribution that a mathematician 
has ever made to the intellectual patrimony of humanity. 

Р. 6. 
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On a Certain Cubic Surface called the 
 Móbius. Surface. 


^ "8 (Parr 1) 
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21 Generation of the Parte T 


А - Р | В 


Let ДА'В'В be г rectangular strip of paper, and X and У be the 
middle points of AA’ and ВВ. Ву giving a curl to this strip and bringing 
the sides BB’, AA’ into coincidence with one another, в circular cylindrical 
surface can be formed. The points B, B’ will then coincide respectively 
with the points A, А", and Y will coincide with X. If, before curling the 
strip, we give it a half-twist, about XY as axis through an angle of 180°, 

-and then bring the sides AA’, BB’ into coincidence, В coinciding with А" 
and В” with A, we ‘get an interesting surface which may be called a 
Möbius Ring. It ів a finite surface possessing only one side, and bounded 

^. by а single closed curve. When it is cut along the closed curve formed 
һу XY, it does not fall into two pieces, but remains-a single connected 

Surface. ^ 

If we imagine the strip to be of elastic material, the curling and 
twisting might proceed at uniform rates іп such a manner that straight lines 
parallel to 44''and BB’ remain dtraight lines. If further the sides Ad’, 

BB’ be supposed to be of infinite length, the surface thus obtained is a 
ruled surface which ents itself and is generated by the straight lines whose 
equations in terms of а parametrical angle 6 are 









. а сов 0 Уса віп 0 2 
6 ae oy ee 54 
соз 0 сова іп бова вш 


10 C. Е. Ovrum. 


Each generator intersects the circle s=0, 254 у%=а3 at right angles, 
and also intersects the z-axis. The angle is that which the projection of 
the generator on the sy-plane makes with the e-axis, and the generator 
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itself makes an angle - with the ву-рівпе. 
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This аа surface is the surface whose properties will now be consi- 
dered, and to which the name of Möbius Surface * ів here applied. It may 
‘be described as the surface generated by a straight line JP which inter- 
sects a fixed circle orthogonally at Т, and turns about the tangent line to 
the oircle at I with one-half the angular velocity with which I describes 
the circle, 


Returning to the finite rectangular strip, we may, before bringing the | 


sides AA’, BB’ into coincidence, give to the strip any number of curls and 
any number of half-twists. According as the number of half-twists is 
even or odd, the points В, В” will then be made to coincide respectively 





* The name Mébsus Surfuce is given to the finite surface first described іп a book 
by O. Neumann on Riemann's Theorie der Abel’schen Integrale, where it is stated that 
the properties of this surface were first considered by Морача. The name is here 
applied to a definite ruled surface, the less definite finite surface being called a 
Mobius Rang. 
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On а бета биће Surface called the Mobius Surface. 40" 


with: A, A’ or with A’, А. The corresponding ruled surfaces are those 
whee generators-are |" . | Л А 


2-а cos 6 y~a sin 6 28 
RAP hes c tae 





. т 

556 вт an 6 = | 

| чна т and п аге integers which are prime to one another. [t may be 
considered that m is the number of half-twists through 180°, and n-the 
‘number of curls, To obtain all the generators, 0 must be made to assume 
all values from 0 to әт. АП thése surfaces ‘might фе called Mobius 


оов 6 сов 2-6 sin б сов 


‚ Surfaces, and the number z 


the rate of ourling, might be called the ptich of the corresponding surface, 
Then the surface now to be considered would Ље that special sping gur- 
face whose pitch ів i 


, which is the ratio of the rate of twisting to 
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9. First Form of the Eqüation of the ЕНЕР КЕ 0. 
The equations of any generator can be written as 


ace 0 (a+ e ©) уза јал 0 
| : B ОР 
yosin (аи cot; 5) є у-віп 6 (ats cot 2). 
If ¢ be put for tan 5, these become ` 

go se _ 9ш | D (stat). 

ге оба у "пов 97 Tee | 

т 73: "у==+(е+ај } 

y (1-й) = 2et 


Eliminating t,-the equation of the surface is obtained in the form 
ф (а, у, 2) кз у (2% ++ 8 -- а?) --2 з (ан у? ав) =O, 
3. Singular Points. The Double Line. 
Equating 
f . 28 nus ёз? E? and às NP 
to zero, it will be seen that every point on is straight Biss, 
| г+а=9, y- --2--0, 
ів а singular point, and it ів easily. seen that at every one of these points 
there are two tangent planes. ' This line ін then а double line along which . 
the surface intersects itself. | 
Every plane section of the surface-i is a йе curve having a node on 
the double line, and"& cubic cubve cannot have more than one singular 


19 О. B. Сплав, 


| point. Hence the surface can have no other singular points besides those 


, 


- 


forming the double line. 


74, The Direct and Oblique Axes of the Surface. 


The straight lines 2=0, y=0 and c+a=0, y—s=0 are intersected by 
every generator. They lie on the surface but are not included amongst 


obligue amis of the surface. The generator 9 cuts the direct axis where 


8 
- z= —a tan DE 
and the oblique axis where z= -а tan 0. Of course Моо generators pass 


through every point of the oblique axis (which is the double line), whilst 
only one generator passes through each point of the direct axis. 


5. Second Form of the Equation of the Surface—J(e, у, 2) =0. 
— If the origin is transferred to the point z= - а, у 20, 2-0, and the 


axes of y and s are then turned through an angle of 45° about the а-ахів, , 


во that the oblique amis becomes the new z-axis, the equation of the surface 
referred to the new axes ів 
(e, у, в) = а?(ду-- з) +2у (у +2) — &agy =0, 
Hquating 
by р а 
^ &' by "$3 
to zero, it is easily seen analytically that there are no singular points 
except those on the z-axis. 
The straight line 
, 


і LOS gee 


"фот % 
drawn through any point (0, 0, 2) on the z-axis (or double line), cuts the 


surface in three consecutive points if it lies in one of the planes 


g'a + дату — 2в'у# = 0. 
These are the two tangent planes to the surface at the point (0, 0, 2). 


6. Sections of the Surface ¢ (2, у, ғ) =0 by Planes Parallel to 
the Co-ordinate Planes, 
The expression ¢ (2, у, є) is given in § 2, 
(1) Section by a=k. 
This ів the curve 
У(у—в)#+ (вка) [(6—2)y — 2] 0. 
There is no finite double point, the node being at infinity. 
There are three finite asymptotes, viz., 
: y=0, y-e= + (ak). 


: the generators. They will be called respectively the direct azis and the | 


Оп а Certain Otibio Surface called the Möbius Surface. 13 


‘The curve is symmetrical abont the origin, which is a centre, 
The origin is also а point of i the tangent there being 


к= "acr | Б 


The generator 6 meets the section where 
у=Е tan 0 


~ 


| | a= (h seo 6-а) ма. 
When &= 0, the curve degenerates into the three straight lines 
у(у-4%а) (9-:--а) = 0, 
When Е= ~a, it degenerates into the three straight lines 
y (у—8)%:=0, 
The forms of the curve for the values = 
азы | а „8а 
; м, 5 Ioan 
of bans shown iu Platos Tand I: | 
It consists of three separate infinite branches, Two of them are ^ 
hyperbolic in character. The third lies between these two, and is serpen- 
` tine in character, having а point of inflexion at the origin. 
м. (2) Section by у= Е. 
This is the curve ; 
| 92-ГЕ (20 ++ 53) — дата | + 253g + h(a? =k) =0, 
It has one double point, (a node), whose co-ordinates are a= —a. z=k. | 
There ін one finite asymptote :=5. 
- The other asymptotes аге 2% == оо , forming а double line at ‘infinity. 


If the origin were transferred to the double point, the equation of the 
curve would become 


Я Файз + Грай — дал — но, E 
‘and the tangents at the origin would be. d 
ый ~ Zas = ke? = 0, | 
Thus the tangents at the double point are real and at right angles to 
one another. 
Тһе і нні 9 meets the. section six 
7 ek cot 0 


gz(k ores ford) S 5 : 


When k=0, the curve дада into the threa straight lines 
welw + a)= 0. 
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The form of the curve for the cases k=4a, k= 5 is shown in Plate III. 


2. 
* It consists of two infinite branches which intersect and во form a node 
and a loop, which extends to infinity and is parabolic in character. 
8) Section by z=k. | 
This i is the curve ` і 
y (22+) -- 3k (s +48) + [08 - ey 2kaz] - 0. 
_It has one double point, a node, whose co-ordinates are 2 = а, А 
There i is, only one real asymptote, vis., узе. 
If the origin were transferred to ше double point, the equation of the 
curve would become | = 
у (08+ y°) + (југ — Bay — Ка?) = 0, 
Then 2 would-be real only when y) <a3-+k?. || | 
Thus the tangents at the origin are real and at right angles to one 
another’; ; also the curve lies entirely between the two straight lines 


у= tk, 


- 1 


· 80 that АА k? are the maximum and minimum values of y. 


The generator 6 meets the section whero 


"да соз 0 (a+ cot 5) 


e 204 
y=sin 0 (a+k cot 5): 


~ When k=0 the curve degenerates into the straight line y=0 and the | 


circle а? + y? — а= 0. 


"The forms of the curve for the values i 5,0, 22-4 of k are 
‚ shown i in Plate IV. 


It consists of a single infinite branch which ТИРИ itself, forming 
в” Bode and ‘a finite loop. ‘ 


т. Beotions of the Surface у (а, у, в) =0 by Planes Parallel to 
the Oo-ordinate Planes. : 


The expression y (w, y, z) is given in $ 5. 


2 


(1) Бескољђут=Е. | ; = 


‘This i is the curve 


духу +з) + абс дају ks] =0., 


It is the section: of Фа, ке © by: a-k-a, referréd to axes ьа. 
' through 45%. E 


- 


«Їжу 
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The three finite asymptotes are 


k 
ytzc0, у= x Vi , 
The origin is а centre and э point of inflexion, the equation of the 
tangent there being 
8k — 42 
k 


The generator 9 meets the section where 


= . 9 
4/02 = 2 (k — а) tan 0 — k tan =. 





2 
- 8 
The forms of the curve for the cases 
a 
k= 4a, k= 5 , 


are shown in Plate УТ. 
(2) Section ђуз =". 
This is the curve 
235 — Sho! + 2 К(даз — kz) — 2k5 = 0. 
There is no finite double point, the node being at infinity. 
There are three finite asymptotes, viz. 


y=8k, s= pa? k. 
The co-ordinate з is real for all values of æ. 


% 
When м<% , is real for all values of ғ, 


When p» , дів real if z does not lie between kt ғ 4B gi. 
In the latter case є has real maximum and minimum values 
КА A 843, koa А = дай, 
which occur when 2 has the values 
ШЕ [аза | E [ 5-3] 
The generator 6 cuts the section where | 


a=a/ 2k cot 5 


s= =k d» cot з | о дек (2 sec 6+1)—A/ да tan 6. 


When k —0, the curve degenerates into the two straight lines «2: == 0. 
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When к=+—, it degenerates into the straight line #=a and the 


УЗ 
hyperbola (за) (++ =>) + 24/3 аз=0. 
4/5 
8a a a 
The forms of the curve when k has the values Фа, —, ==, = 


~ are shown in Plates VII and VIII. 
When k > —= z <- Fi , it consists of three separate infinite bran- 


ches, OS in ge two of them having perpendicular asymp- 
totes, and -the third having parallel asymptote. When k < —sz and 


>- ZA it consiste of two infinite branchés, hyperbolic in character, 
and one serpentine branch. | 
(8) Section by sk. 
This is the curve 
у (328 + 2y8) — | Ма? — вуз) doy} = 0. 
The origin is a double point, (a node), the tangents there being 
у _ 2+ 4/ 44595 
s О ТЖ аа 


There is only one real asymptote, viz. у = 5. 


The points where у is а maximum ог minimum are given by 
| Зуз+ 9Бу — (А0248) =0, а (#— Ву) + 2ay =0. 
The co-ordinate т is real when у lies between the roots of the first of 
these equations. Thus the ourve lies entirely between the two lines 
_ kav ЖЕН 
у. em 8 

The generator 0 спів the curve where 

а / 3k + да tan 6 7 

ШЕКІТТЕГТТІЗ 


y 7 [7 _ tan 2 2] = kta да tan 0. 
va ^ 9500-41 | 


When k=0, the curve degenerates into the straight line y= «0 and 
the ellipse 323--2y? — 4az а 0, 


The forms of the curve for the values 4a 0, -- -4a of k are 


, T 5 
shown in Plate IX. 


ім. 


447 = 


e 
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It consists of a single infinite. branch which intersects itself so as to 
“form а node and a finite loop. ` Y 


8. Plane Sections which are Qonics.. Seotions by Planes 


through the Direct Axis, the Oblique Axis and the Initial Gene- 
rator. , 


~ 


The section made by any plane through any generator consists of that 


generator and в conic. | 


“Алу plane through the direct axis cuts the surface in the direct axis 
and two generators. > 


Апу рімів through the oblique s axis or double line спів the Гу in 
that double line and one generator. 


The tangent plane-at any point contains the generator through that 
point, and consequently cuts the surface in a conic. 
v E the equation of the surface is taken in the form $ (а, y, 2) 0, then 
any plane through the initial generator, (for which 0=0), ів of the form 


z=y tàn а. To obtain the corresponding section, the axes will first be 
changed to a new set-by the transformation scheme 





and then in the transformed equation s will be put equal to zero. 
The transformed equation of the surface is , | 
(у сов а— 8 sin a) (gi нудно? — a3) 
~2(y sin a+ s сов а) (ж%+ уз сов За + 28 sin *a—2yz сов а віп а--аз):-0. 
Hence the equation of the section is, besides у == 0, 





Al- ae а= =~ —2act—a'=0, where фах вал а, 


This curve is a conie к centre lies on the æ-axis where 
СА 
| | 1-% 
It is ан ellipse if #<2, and a hyperbola if £» j. - 
-If t=}; it is the parabola y* — ба (2+ a). 
If t=1, itis the double line (--а)3--0. 


If t=00, it is the pair of parallel lines 2(є-а) 0, . ~ 
2 | 


c= 


су 
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-9. Construction of the Surface. 

Every generator will спі two of the faces of the cube whose sides are 
Ø= ЖЕ, y= +h, s= +h. If then such a cube be formed and the points 
be determined in which the generators cut the faces, then a model of the 
surface can be constructed by joining every pair of corresponding points by 
strings. In Table I. (see pp. 20 and 21) the co-ordinates of these points 
are given, when k=4a, for the generators corresponding to the "values 
0, 10°, 20°,...850° of Ө, the first form of the equation of the surface being 
used. Thelast two entries refer to the direct and oblique axes. In Table 
IL (8ee pp. 22 and 23) the corresponding co-ordinates are given for the 
cage k= 5a, when the second form of the equation of the surface is used. 
In the latter case the faces у= +5a сап be dispensed with. if the faces 
z= 45a are slightly extended, as will be made clear by an inspection of 
Plates V and Х. | | 

The surface may be described as consisting of & spiral sheet and а 
double funnel which merge into one another along thosé two generators, 
90° and 270°, which are parallel to the oblique axis, in such a manner as to 
' divide the whole of space into two regions. The double funnel is formed 
by the generators between 90° and 270°, and the spiral sheet of the re- 
maining generators. Hach region of space is bounded by one side of the 
spiral sheet, the outside of one funnel, and the inside of the other funnel. 
Every point of the surface can be desoribed by two points starting in juxta- 
position to one another on opposite sides of the surface. Each of these - 
points can roam unhindered over one side of the spiral sheet, the outside 
of one funnel, and the inside of the other funnel, 

Sections by planes ош пр through the double funnel are shown in 
the upper figure of Plate II and the lower figures of Plates VI and VIII. 


10. Generators Parallel to a given Plane. 
The generator б is parallel to the plane la+my+nz=0 


if | 1 сов 0+m sin би tan 2 50, 
Let t= tan М . Then this condition is 
U1 — i) --92mi- nt(Y4- 08) «0 
or тб — [t+ (2m +) + 0), (1) 


Since this is в cubic equation, the number of generators parallel to a 
given ріале is either 1 ог 8, The asymptotes of the section of the surface 
Љу the plane are parallel to these generators. Hence they are at the same | 

timo either 1 or 8 іп number; also sections by parallel planes have parallel | 
asymptotes, і 
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A plane which is parallel to two generators 0), 0, must also be parallel 
to a third generator, and equation (1) shows that these three generators 
parallel to the same plane are connected by the relation 

titats +: +5+ђ=0 or ђе - п 
where ¢,=tan 40), £4 —tan 10, tz=tan 20, 

The fact that planes whose sections have three real asymptotes are 
identical with the planes which are parallel to two generators, enables us 
to find the general equation of such planes. Lob (A, р, v) be the direction 
cosines of the normal to а plane which is parallel to the two generators 
6, 0, Then 

ХО — 69) + 2p£ + v(& 4-69) =0 
A(1— t) + 29, + v(t, + £9) 30 

А в v 
Фа) фа) (І) 

Hence the general equation of a plane whose section has three real 
agyniptotes is 

2b fg (% + tajo + [538 (h 15)5 — Ty  2(55 +1)s+0=0, 
where £j, із, 6 may assume independently all real values from =œ to + œ. 
Put іа, +=, 
Then the general equation of such & plane is 
2abæ + (а? —53—1)y + 2(a+1)2+en0 (2) 
where а, b, o may receive all real values such that b! > 4a. 

Since two generators always intersect the direct axis in two different 
points, a plane which contain: two generators must also contain the 
direct axis, and theerfore be в meridian plane.- Now every meridian 
plane contains two and only two generators. These are generators at 
opposite extremities of a diameter of the guiding circle, or, what is the 
same thing, generators which meet on the oblique axis. Hence two 
generators can only be contained in the same plane, when they meet on 
the oblique axis and pass through opposite extremities of a diameter of 
the guiding circle. In this case the third generator parallel to the 
plane ів the generator, for which 0 = 180°, which is parallel to the direct 
axis. 

Tf f(t) be written for the left-hand side of equation (1), we have 

JQ) 22 (m+n), f(-1) = —2 (m+n). 
Hence the equation always has one real root lying between —1 and + 1. 

Accordingly one of the generators for which 6 lies between 0° and 90°, 
or between 270° and 360°, is parallel to every plane. That is, the spiral 
sheet joining the generators 90° and 270° contains at least one generator 
parallel to every plane. 


. 
+ 
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Опа Ова Oubic Surface called the Möbius Surface, 
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The.condition that equation (1) may have three real roots is 
BB +m — lin? —~8mn] > n(n+ 2m)? 
To find the generators perpendicular to a given generator a, we must put 
1: m:n = сова: sina: tan T 
thus obtaining Я 
юз бегу ва Z tan = 0. 

This equation can be solved graphically by finding the points of in- 

tersection of the curves . 
у= сов (2-а), у = — tan 5 tan. 5 . 

A section becomes degenerate when its plane passes through one of 
the generators to which it is parallel. Thus there: are three degenerate 
forms of the section made by a plane parallel to two, and therefore to three 
given generators. 


11. Section of $(s, y, ғ) -0 by any Plane. 
Let the plane be la+my+nz—p=0, where (l, т, т) are direction- 
cosines. " It cuts the direct axis in the point 


(о, 0, 2) 

n 
If we take this point as a new origin, the normal to the plane as a new 
z-axis, and two mutually perpendicular lines in the plane with direction- 
cosines (1, mj, 1), (15, тә 73) ав new axes of т and y, we can obtain the 
equation of the section by transforming the equation 
у у (@ +93 + я8-- а?) - 28( 23 + 7 + ад) = 
by the scheme - 














я" g 
2 à І 
y т т 
т У 
ac f т 
! P 





and putting #=0 in the result. 
The transformed equation of the surface is 


8 
(oye + ту + та) | ven re (m+ пру + nz) +2, - e| 


-2 (vtr f) x 
7 [Chat hy +s)? (пуа отоу meta (ђ2 іру 12)] 0; 


“> 
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“and therefore the eaten of the section ів . 


с (теі) Гоу % (net зуу) +E Sal (4) 


=2(me + mgt? Lee +y)? + (mæt my)? a(lo + ы) | =0. 


Since the terms of the third degree-do not involve p it follows that 
sections „by parallel-planes have parallel asymptotes. 


7 The co-ordinates of the double point are 


2 (ра) - (a, т) 


LE 





nem 
LE - уста Te (pal) - (а,-%). 


i the'new origin is taken at the foot of the таңын ылы drawn to 


the plane from the centre of the guiding circle, the Ион воћете 
is 








“and, the equation of the section is ~ 
(mot my Emp) [a+ yp ай) —2(ny0-+nyy пр) 
x [heathy tlp) + (ту + my +mp) +а(ће+ђу + р)]=0 _ (B) 
The co-ordinates of the double point are then 


27177. (p+al) —aly 


+n 
y= ec + (pal) а 
. 4) 


_ If in either case ‘the origin is transferred to the asiki point, the 
equation of the section takes the form | | 

[m — 2n (1? + ту) јаз + [my 4n; (lil + туту) — 2n, (1,3 + m) абу 
E fen aft min) iam GP me Dr ng (138 + ту“) југ 


и (ову) - TERE ац]! 


-( Set а -0. (о) 


This form nome the existence of the two real tangaia at the double 
point. | i 





— 
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The equation of the section can in each case be simplified by a-suit- 
able choice of the axes of e and y in ite plane. ен 
If-we choose the а-ажіз to be perpendicular to the direct awis of the 


surface, we have n; = 0 and 12 + mym са 3 also (la, mg, па) is аы 
to both (h; mj, ти) and (5 m, n); 


m 1 
ha-m, man, mal; 
1 у? 1 у? 1 у 


mn 


ба == 25, m= тот, = пату; where у = мета = yI 
| A then becomes 
n° [28 — (mn + 202) абу + lay? — (mii ЖЕУІ 
— 2nv[ pa? — (1р + mna)ay+ (m+n  p—nia)ny*) A, 
+[ (lp? + 2mnap — та?) e — (mp — 2nlap — тпа?) њу ] =0, 
he co-ordinates of the double point being 


„tm та)а t lp . та—тр 
- v(m + n) "Я mmn) 


Equation B becomes ? 
(In — тиљу +утр) (+y? + р8 — а?) —2(vy +пр)[у(а? + п%#) 
—maz—n(la+ 2vip)y + ур + иар] — 0, . Bi 
the co-ordinates.of the double point being | 
«(йіта-ір · _ (A-—mn)pt+la 
С o(mtny? y= тот) ^ 
Tn this case the generator 0 meets the section in the point given by 


(lsin 6-т сов 6) | na sin | +p сов а | 
UE SNR мечи са (EER CE 


(1 сов + т sin 0) cos FEN Binz ar 
2 2 
| ; . 0 . 0 
— (l сов 0-- т sin 0) ааш тарас Жур ніп 5 
у енен лек ag ee | 
fet. (2 сов 0 - m від 6) сов Бї" sin 5 
and this last result may be used to plot the section made by any plane 
whatever. 
"Equation 0 ps the same circumstances becomes 
~ (mn + 218) аву + ley? — (mn + 2һ%®)уу® 


(pal) MS ndn Ma 
v(m-Fn) ре nupt Машан) |- [+ тл 


" - ша | M 





Equation O then becomes 


озон 
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If-we choose the- m-amis to. be perpendioular*to the миа “generator, 
- =0, we have 190, mm+nn=0; and therefore * 


m - 7 . 
беду me дово, EE | 
Im - “yp QwhereA = V mitm а 1—8: 
h=- mR т = 3, е 
по + Qnin)a8 + (т + n)[m (m 5) + 2n(m =>) азу 
+ [(n--2m)3* 6 Әли Joy? +1[(m — 28) + дів Тув 0, 


+EH (ез nor (вуж тн (тізді ey 


(m туц? СЕ 
тт“ ^ Be =0. 
ele "фіай) ДАУ 
р E ій А 
12. Section of-j(e; у, в)=0 by any Plane. 
Let the plane be w+ ту+па—р=0. ТЕ we teke the point where the 


plane cuts the oblique axis, s.e. the double point, as origin, and take two 
mutually perpendicular lines in the plane with direotion-cosines (0, m, t) 


_ (long, n3) ав new axes of ә, and y, ће transformation scheme is 





С Gen тут ду ання) 


өзде ыы E Тебе) то 
ог - " ^ 
Giu) туда (т еді) 
У а (та ту) (ту що + мны ` 4. 


+22 Ген ту) — 5 - те (реч) |- pH =0 


: and the equation ‘of the section referred to the new axes of e and у in its | 
. plane ін У d 
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ІН the new origin is taken at the point where the plane is out by the 
perpendicular drawn toit from the old origin, the transformation scheme 
is | 




















а" y a +p” 
| © і г і 
y m і та т 
g f fig n 


and the equation of the section із” 
(lo ly +1р)#[ (So —т)2 + (8m, 5) (8m = )p] 
+ (0а + ту + mp)*[(m, +n ar (тап) + (т пр) р) B. 
~—4a( het ly + lp) (me + my 3 mp) =0, 
the co-ordinates of the double point being 


E =” 
а-а у= р. 
Equation В may be used in the cases іп which 4 fails, 4.e., when the 
plane of section is parallel to the oblique axis, во that n=O, 


Tf we choose the new #-axis to be perpendicular to the initial generator, 
we have ,=0, mm+nn=0, 


т 
и азд: 


in ap ‘where A= yY mitma IE. 
lg =À, m= ng = x ‚| 
Equation 4 then becomes . 
SKE РАИ + 9(1@-+ ппу) [ (в — т)а + n + п) у] 
nta? 
+20 НЕ “wy |- [= = +] му» | -0. _ 4 
1 


Also equation В becomes 
Алу 1р) (8+ тг + S(m-n)ly-- (Bm —n)Ap] 
+ (яю Imy+mAp)*[(n—m)a+ (m+ n)ly + (m+n)Ap] B, 
+ Да (Ау — lp) (na + ту + тАр) =0, j 
the co-ordinates of the double point being 


т 
gum -zf, усій, 


ТЕ we choose the new а-ахів to be perpendicular to the oblique axis 
we have 
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Equation 4 then becomes 
(ma +nly)*[Bla— (8mn + y] + lw + mny) [la + (08 — туга ] As 


аан) mo | [S monty фо 


Also equation B becomes 
(та + nly +lvp)®[Sle — (08 + 3mn)y + (n —3m)p] 
+ 9 (la — mny — mvp) 1 + (8 — mn)y — (m--n)p] В, 
— Aya (ma + nly + lp) (le — mny ~ mvp) =0, 
the co-ordinates of the double point being 


У 
20, уш- pe 


New Methods іп the Geometry of a 
Plane Arc,*—I. 


Cyclic and Sextactic Points, 
“ 
By Pror. Syamapas MuknHOPADHYAYA, М.А. 


The following paper introduces certain simple geometrical methods 
applicable to the general theory of plane curves. It brings into promi. 
nenco, в certain class of singular points, on а plane curve, to which, i 
would appear, sufficient attention has not been given hitherto. If we 
Suppose в consecutive points to travel steadily along a given curve, anc 
carry on their shoulders, an osculating curve of a given kind, whicl 
varies continuously as ib moves, then, upon the given curve, we shal 
usually have а number of places or singular points, where the osculating 
curve halts momentarily. At each halt, в change of shoulders is effected 
The rear-most moves off and the foremost receives an accession, or, thi 
foremost goes away and the rear-most is strengthened. For the momen 
the osculating curve is borne on 4--1 shoulders, that is, by one shoulde 
more than would suffice to carry its full weight. 

A member of this class of singular points, I have, elsewhere, callec 
cyclic. In the present paper, the cyclic and another member of the class 
the sertactic, have been studied together, more specially, in relation to є 
simple oval, that is, a closed convex curve, simply connected, on which the 
circle through any three points, as also, the conic through any ћу 
points, varies continuously. The conic, through any five points of thi 
simple oval, we will suppose to be, an ellipse, always, for the purpose: 
of this paper, 

A сусіїс point is в singular point, on a plane curve, where the circle o: 
curvature passes through four consecutive points, instead of three. 4 
semíaciic point is a singular point, where the osculating conic passe! 
through six consecutive points, instead of five. Ata cyclic point, the oivoli 
of curvature may touch the given curve, internally or externally. In th: 


* For в first introduction to the new methods, the reader may be referred to | 
paper, by the present writer, in the Journal of the Asiatic Society of Bengal (Ney 
Series, Vol. IV., Мо. 8, 1908, Geometrical Theory of в Plane Non-Oyolio Ато, &о.). 
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former case, the point will be called in-cyclic and in the latter case, 
en-cyclic, Similarly, at a sextactic point, the osculating conic may touch 
the given curve internally or externally. In the former case it may be 
allowable to call the point in-sextactio, and in the latter case ex-sextactic. 
With this much of introduction, we may proceed to demonstrate a number 
of interesting propositions. 

Prop. I. If any circle meet a convex arc, at four points, 01, Оз, 0; 04, 
then there must exist, a cyclic point оп the aro, between the two extreme 
pointe 0; and 0,, but not coinciding with 0, or 04. 

Prop. IL If any conic meet a convex aro, at six points, 0, Og Og 
0,, Os, Ов, then, there must exist a sextactic point on the arc, between the 
two extreme points 0, and 0,, but not coinciding with 0, ог O. 

In proposition I, we shall suppose that the circle through any three 
points of the arc varies continuously, as the points are moved, in any 
manner, along the атс. This, of course, implies that the radius of curva- 
ture varies continuously. 

‚ In proposition II, we shall suppose that the conic through any five 
points of the arc varies continuously as the pointe are moved, in any 
manner, along the arc. This conic must either be an ellipse, а parabola, or 
a hyperbole. In the last case, the five points of the arc must necessarily 
lie on the same branch of the hyperbola, for five points, distributed on two 
different branches of a hyperbola, cannot, evidently, lie on the same convex 
arc. For the purposes of this paper, we shall suppose that the conic 
through any five points of the arc, is always an ellipse, although this 
restriction is not necessary for proposition П. -` 

To prove proposition I, it should be noticed that the four points 
0, 0, Ов, 0, determined by the intersection of a circle with the given 
arc, can be varied in position along the arc, by a continuous variation of 
the circle of intersection. Suppose we vary any two adjacent points 0), 0;, 
by varying the circle, in such a way, that the remaining two points Og, 0,, 
through which the circle passes, remain fixed. By this operation we can 
draw together 0,, О; as close as we like. When we thus draw together 
any two adjacent points 0,, 0, it is to be understood, that they come 
indefinitely close, while 0,, 0, remain fixed, but that they never overlap or 
cross each other or any other point, ө.0., 0; or 0, The order of the 
points O; бр Ов, Од is, therefore, strictly maintained. This will be 
obvious if we notice that circles through two fixed points cannot cross each 
other again. қ 

Draw together, first, Op, 0; and then O, Og and then Og Op the 
remaining points, during each operation, continuing fixed. At the end of 
this ‘cycle of three operations, 0, and 0, will have come closer together 
than at the beginning. By repeating this cycle a large number of times, 
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we can bring the two extreme points O, 0, as close together as we like, 
во that, ultimately, O, 0р, 03, 0, will have all come together at some 
point lying between the initial positions of 0, and 0, In fact, if 
Ор Og, др 0, do not come together ultimately, then there must be a mini- 
mum separation between 0, and 0, But this is impossible, for so long as 
the arc 0; 0, is finite? it can be shortened by repeating the above- 
mentioned cycle of operations 

The ultimate point, where 0,, 0, Ор 0, all come together, will be 
in-cyclic or ex-cyclic, according as the circle О, 0, 0; 0, оговвез in or crosses 
out at 0, initially. This will be so, because the order of the points 
0 О; Ос, 0, is maintained during each operation. It is possible, how- 
ever, that during an operation, an extra pair of intersections, say, Х, У, 
may arise between а pair of adjacent points, say, between 0, and Og. In 
that case we may drop 0, and X, and go on repeating our cycles on the 
shorter arc Y 0, 0, 0, Evidently the circle 0, X У 0, 0, 0, will cross in or 
cross out at Yas it does at 0,. If an extra intersection, say Z, exist beyond 
the extremities 0,, 0,, then during the cycles of operation it will always 
move further beyond. E 

The proof of proposition II is exactly similàr, ana similar observations 
apply to it. In this case, the cycle of operationg may be described as 
follows: Draw together, first, 0, 0, and then; im succession, the pairs 
(0,, 05), (O, 05), (0), Og) and (05, 0,), the remaining four points, during 
each operation, continuing fixed. - As conics through four points do not 
cross each other again, the order of the points Oj, Og 03, 04, 0,, 0; will be 
strictly maintained during each opération. 

Prop. ІП. On any simple oval, there must exist at least four cyclic 
points, two in and two ez. 

Prop. IV. Оп алу simple oval, there must exist at least six sextactic 
points, three tm and three ez. 

To prove Prop. ІП, draw a circle through any three points 0), 0;, 0, 
on the oval. This circle must intersect the oval again, in a fourth point 
Од» as two closed figures intersect іп an even number of points. Suppose 
the circle 0, 0; 0; 0, crosses in and оці, alternately, at 0, Og, Og, 0, To 
obtain the in-cyclic points, draw together Op, 0, at 0,-0,, and 0, 0, аб 
0,0, во that the circle 0,-0,0,-0, has internal double contact with 
the oval at 0;-0; and 0,-0,. There must now exist ап in-cyclic point, 
in each of the arcs 0,-0,0, 0, and 0,-0,0-0,, by proposition I. Thus two 
in-cyclic points are established. Similarly, if we draw together О, 0, at 
01-0, and O, 0, at 0;-0, we shall have an ex-cyclic point, in each of the 
ares 0,-0,0,-0, and 0,-0,0)-0;. 

Prop. IV. is proved in a similar way. Take any two equal parallel 
chords 0, 0, and 0, 0, in the oval. Then a conic through 0,, Og Og, 0, 
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and any hh point ор on, ‘the oval mut. be an ellipse, for two.equal | 
. parallel chords cannot'lie in the same "brálch ої a hyperbola. Let the 
ellipse through ду Op, Oy; об 0, meet the oval again at-a sixth point 0, 
for” two closed figures mat intersect at an’even number of points. Suppose 
0, Op 0,, 0, Op O, lie ii Order on the oval} and the conic through them 
crosses in and out, alternately, at Op, Og, Oz, 0, 0, 0, To obtain the in- 
sextactio points, draw together 0), 0, at 0,- Os, and thet Oy, 0, at 0-0, 
and, finally, Op 0, at 0-06. ` , 
` Then, the ellipse 0,-0; 0-0, 0,-0, has -internal triple contact with 
the oval at 0,-0,, 0,0, (0,0; Therefore; from. proposition II, we 
conolíde, that there must Pe an in-sextactioc point in each of the ares 
01-0, 0;-0, 0;-0,, 05-0, 04-04 0,-0;, 0-0 0,-0, 05-0,. Thus there will be, at 
least, two in-sextactic points оп the oval. Let-these two in-sextactic points 
-be X, Y. Draw в narrow ellipse having internal double contact with, 
the oval at X, У, Let this ellipse grow, maintaining double contact with : 
the oval at X, Y, till it touches the oval internally again at a third point Z, 
which may in special cases coincide with X. or Y. Then, by proposition IT, 
there must be another in-sextactic point іп the вто X Z Y. Thus three 
insextactio points are demonstrated. In exactly similar way, three ex- 
sextactic points on the oval can be proved. 7. 
The following six propositions refer to arcs which are eithef"non- 
cyclic or non-sextactic. А non-cyclic аго is one which does not possess a 
-oyclic point in it, except it may be at the extremities, А non-sexactio aro 
is one which does not possess a aextactic point on it, except it may be at 
the extremities. On the поп-сусНо arc we will suppose that the circle 
through any three points varies continuously. On the non-sextactic aro, 
we will suppose that the conic through any five points varies gontnuousiy 
and is, so far as this paper goes, always an ellipse. : 
~ Prop. V. 1 0, 0, 0, be any three points in order, on a non-cyclic 
aro, then the radius of the circle 0, 0; 0, will continuously increase (or 
decrease), if the pointe 0,, Og, Оз be shifted in any manner, along the aro, 
-in tHe same direction, provided the order of the pointe be maintained and 
the angle 0, 0; 0; be never less than а right angle. 
Prop. VI. If 0, 0, 0, 0, 0; be any five points on a non-sextactic 
- aro, then the area of the ellipse 0, 0, Og Og Os will continuously increase (or 
' decrease), if the points be shifted, in- any manner along the aro, in the 
same direction, provided the order ofthe points be maintained and the 
points bé never so far separated from one another, that the elliptic are 
0, Og 0; 0, 0; exceeds the semi-ellipse.. 
To prove proposition У, suppóse the points 0), 03, О; are shifted; one 
by one, in order, along the arc, in-the same direction. Then during the 
ыш of each point, the radius will continnally i increase (or decrease), 
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If not, suppose, while 0, is being shifted, 0, and O, retaining their posi- 
tions, the radius at first increases and then decreases, or at first decreases 
and then increases. Then 0, will have two positions X, Y, between Оу, Ор 
such that the radius of the circles 0,X0, and 0,Y0, are equal. Therefore, 
we must have angles 0,Х0;, O YO, either equal or supplementary. But 
they cannot be supplementary, as then one of them will be acute, which is 
against hypothesis. Neither can the two angles be equal, for then the four 
points 0,, X, У, 0; would be conoyolie and there would be a cyclic point 
on the given arc, which is also against hypothesis. 

To prove proposition VI, suppose the points 0,, О, Ор Op 0; are 
shifted in order, one by one, in the same direction, along the arc. Then 
during each shifting, the area of the ellipse 0,, 03, 0;, Op 0, will continually 
increase or decrease If not, suppose, while any one point 0, is being 
shifted, the others retaining their positions, the area at first increases and 
then decreases or at first decreases and then increases. Then 0, will have 
two positions, X, У, between 0, and 0,, for which the avea is the same, that 
is, the area of the ellipse 0, 0, X 0, 0, is equal to the area of the ellipse 
0, 0, Y 0, 0. But it is easily shewn that the two areas cannot under 
the circumstances be equal (see following Lemma) unless the two ellipses 
coincide. Therefore 0, 0, X ¥ 0, 0, lie on the same ellipse, that is, there is 
a sextactic point on the given arc, which is against hypothesis. 

Lemma. If 0, 0, X 0, 0, and 0, 0, Y 0, 0, be two elliptic arcs, each 
less than the corresponding semi-ellipse in length, then the area of the 
first ellipse will be greater than that of the second ellipse, provided arc 
03X0; pass above the arc 0, YO. 

Project the system orthogonally, so that one of the ellipses becomes в 
circle, say, the second ellipse, Then, using the same letters for the projec- 
tion, the circular arc 0, 0, 0, 0, is less than a semi-circle. The chords 
0, 0; and 0; 0, will be either both perpendicular to the major axis, or 
both equally inclined to the major axis, of the projection of the first ellipse. 
In the former case, move 0, 0; parallel to itself till 0, 0, coincides with 
0, 0, The circle 0, 0; 0; 0, continually increases in area during the 
operation, and ultimately has internal double contact with the ellipse. 
Hence, originally, the circle 0, 0; 0, 0, must have an area much less than 
that of the ellipse. If 0, 0, be not parallel to 0, 0,, move 0; 0; parallel to 
itself towards 0, 0,, till 0, 0; becomes parallel to 0; 0,, and then it reduces 
to the former case, Of course, during this last operation, the area of the 
circle continually increases. Hence, in this case also, the circle has 
originally an area much less than that of the ellipse. But the ratio of 
areas is not altered by orthogonal projection. Hence the Lemma is proved. 

Prop. VIL If 0, 0, 0; be any three points, in order, on a non- 
cyclic arc, then the circle 0, 0, 0, will always cross in at 0, and Ор or 
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always cross out at 0, and 05, in whatever way we displace 0), Og, 0» along 
the arc, maintaining their order. 

Prop. VIII. If 0j Op Og, 0, 0; be any five роіпін оп а non-sextactic 
arc, then the conic 0, 0, 0; 0, 0; will always cross in at 0) and Op, or always 
` оговв out at 0, and Op, їп whatever way we displace the porie 0, 05 Og 
“0, Op along the arc, maintaining their relative order. 

The above two propositions hardly need a formal proof. In proposi- 
tion VII, the cutting in or cutting out at 0, or 0; can only be screened, if 
an extra-point of intersection X arise beyond 0, or 0, But this is 

" impossible, as the arc is non- cyclic, Similar remarks apply to propo- 
sition VIII. 

Prop. IX. If AB be а non-cyolio aro, in which any three points 
O, Op 0, being taken, in order, the circle 0, 0, 0, outs in at 0, and Oy, then 
the circle of curvature at A falls entirely within the circle of curvature 
at B.* 

Prop. X. If AB be a non-sextactic arc, in which any five points 
0, Ор 05:0, О, being taken, in order, the ellipse 0, 0, 0, 0,-0, cute in at 

- 0, and 0,, then the osculating ellipse at А falls ашар. within the oscula- 
ting ellipse at B. 

To prove proposition ІХ, move 0,, Og, Ов, to A, so that we get the 
circle of curvature AAA at A, which falls below the arc AB, Similarly 
if we move Oy, O, 0, to В we get the circle of curvature ВВВ at В 
which goes dboye the arc. Therefore, the circle AAA falls within the 
circle BBB, if we only consider portions above the chord AB. If we move 
Ор 0, to В and 0, to A, we get the circle ABB, which falls below the arc 
and cuts AAA at some point О, above the-chord АВ. The circle ABB, 
which falls below the arc, touches аб B the circle BBB, which goes. above 
the arc. Therefore circle ABB falls within the circle BBB. Again the 
circle ABB cuts the circle AAA at A and О, therefore, below the chord 
. AB, the circle AAA falls within the cirole ABB, and, therefore, much more 
within the circle BBB. Thus the circle 4 4A falls within the circle BBB, 
both above and below the chord AB. 

_. Analogous proof holds for proposition X. Bring Op Os, 0, to A, 
and 0, 0; to В. Then ellipse AAABB falls below the given arc. If 
we bring down to А the other two points 0, Ор also, then the osculating 
ellipsé AAAAA will fall below the given aro and cut the ellipse AAABB 

“at.some point О, above the chord AB but below the given arc. Therefore, 





“ It has been noticed before by Р. G. Таб, and comes easily by assuming the shape 
of thé evolute between two centres of curvature О nnd С”, for if p and р’ be the corres- 
ponding radii of curvature, then p ru p' ін greater than the chord OO’ of the evolute. 
(Boientiflo Papers of P, G. Tait, Vol. IT, page 403). 
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below the chord AB, the osculating ellipse AAAAA falls within the ellipse 
AAABB, for these two ellipses have the four points 4,4,4,0, common, and 
hence they cannot intersect again. Similarly, the ellipse AABBB goes 
above the arc and cuts the osculating ellipse BBBBB, which also goes 
above the arc, at some point D, above the are. Therefore, below the chord 
AB, the ellipse AABBB falls within the ellipse BBBBB. But ellipses 
AAABB and AABBB have double contact at A and B, and the former 
goes below the aro and the latter above, therefore, the former AAABB 
falls entirely within the latter ДААВВ. Hence below the chord AB, the 
ellipse AAAAA falls within the ellipse BBBBB. Also, since the former 
goes below the аго, and the latter above, therefore above the chord AB, 
the ellipse 44444 falls within the ellipse BBBBB. Thus the osculating 
ellipse at А falls entirely within the osculating ellipse at В. 

It may be pointed ont that the director circle to the osculating ellipse 
at A falls entirely within the director circle to the osculating ellipse at B. 


On а Non-Analytical Potential Function. 
Ву Ganesa Prasap, M.A., D.Sc. 


The object of this note is to disouss some of the properties of а non- 
analytical solution of 


first given by me in в paper * published in the Mathematische Annalen, Vol. 
64, and to point out the importauce of this solution with reference to the 
question of the nature of the solutions of partial differential equations of 
elliptic type.t 
1. Representing by D a closed domain which is bounded by the 
straight lines 
еш-іІ,ш-і, 
y=0, y=a>0, 
the non-analytical potential function U may be defined for D iu the follow- 
ing manner :—Let (а) be an even function which is equal to 
= $(2—«,) 
10” 
for positive values of а, where (о,) is the aggregate of rational proper 
fractions, and ф(р) is 





1 
Oor p* cos - 
p 
according as p is 0 or different from 0; then 
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* On в class of non-analytical surfaces of constant positive Gaussian ourva- 
tore.” (In German.) 

f During the last 20 years the subject of the analytical nature of the solutions of 
partial differential equations of elliptic type has been investigated by в large number 
of writers, ohiefly pupils of Professora Hilbert nnd Picard. The principal memoir on 
the subject is Bernstein's essay " Sur la nature analytiqne des équations aux derivées 
partielles du second ordre” (Math. Ann, Vol. 59, 1904). It is hardly necessary to 
mention that, in the present note, I consider the question of the nature of the solutions 
of such equations from a new point of view. 
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where 
2 т 
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As shown in the paper cited above, U possesses the following proper- 
ties in the domain D :— 
(I) At all points 
eU 80 20 BU 
ба у Зу , IE у був 
5 exist ; and the upper limite of 
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are Jess than в finite constant. 


(II) At all points U, 2. a are continuous in (2, y). 
Den At all pointe, with the exception of the points of the aggregate 
eU BU 


po (о, 0), 32% and a 
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~ are continuous in (c, 7); and, at eve: int (о йы рік 
а (ғ, у) ту ро (о, о), T as well ав 4 

has a discontinuity, with respect to s, of the same kind ав сові has for 
"рей. 
(IV) At all pointe 
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Combining the properties (11). ала (ТҮ), we may make the following 
statement :—Alihough there are an infinite number of points of discontinuity 
"ој tO Зуз 

discontinutty being tnoluded), 


.,9 Р 
ана 2 in the domatn D, at all points of this domain (the potnts of 
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2. І proceed now to consider the bearing of the above staloment on 
the following question ® :—Is si possible to obtain suoh a solution ч ‘of the 
` equation of elliptic type 





* Of, Prof, Baire’s discussion of a similar question, relating to the equation 
Bu би -0 "s 
E ГРІМ зу * lil 
n his memoir “ Sur les fonotiong de variables réelles " (Annali di Matematica, TA 
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а 5) 
that the domain, at every point of whioh this equation is satisfied, contains, 


nevertheless, an infinite nnmber of points at which i and ii are discon- 
tinuous ? 

The answer to the above question must be in the affirmative. In 
order to see this, it should be first noted that, according to Picard’s well. 
known method of вассеввіув approximations, 


e 
“v= О + Žv, 
2 
ів а solution of (1), where 


y= -5 |е YU, у?, .) GG, у, m, у) йо" ду! 
т 
and, for n > 2, 
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x Қа, у, а, у) de’ dy’, 
u, standing for 


т 
Шара Vy, 


G (a, y, т, у") for the Green's function for the domain D, and the integra- 
tions being extended over the domain D. Now, Hao in $3 of my 


8U 
paper, cited above, in virtue of the continuity of v,? uc Tawe the second 


до “Sy › 
differential co-efficients of the v's are expressible in terms of the first 
differential co-efficients of U and are, оқа мі continuons at every 


point of D. Therefore it follows о wand = are discontinuous exactly 
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in the same manner as ай and E] * "Трав, for the domain D, a solution 


ч of the equation (1) has been 22. such that, at every point 


(w, 0) of this domain, = as well а. i ів discontinuous with respect to æ. 
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Mathematische Annalen, vol. 66, part 1 (Aug., 1908). 

Emil Hilb of Exlangen,—On representations of arbitrary functions by 
means of integrals. (In German.) 

During the last five years, the question of the expansibility of arbi- 
trary functions has been discussed by Hilbert and his pupils; their 
treatment being based on the investigation of the integral equation 

b 
f(s) я Фо) А | K(s, t) o(é)dt, 
a 


where the kernel K (s, 4) is symmetrical in s and ¢ and satisfies the condi- 


tion that 
b pb 
| | {К (s, #)) de dé 


a a 


is finite. The object of the present memoir is to discuss the question of 
the representations of arbitrary functions by means of the characteristic 
functions of such differential equations as possess singular points; the 
corresponding kernel being no longer such that 


b pb 
| | (Е (в, £))* de dt 


a ц 


iis finite. The author bases his discussion on Hilbert’s memoirs on the 
theory of quadratic forms of an infinite number of variables, and succeeds 
in ‘obtaining the known, ав well as some new, generalizations of Fourier's 
Integral Theorem. (р. 1—66), 

` Frits Jerosch. (deceased) and Hermann Weyl of Gottingen.—On the 
‘convergence of series of periodic functions. (In German.) 


о 
The authors first prove the following theorem: A series X Cn cos na 
1 
converges for all values of 2 with the exception of such values as belong to 


a certain aggregate of measure 0; provided that it is possible to find a 


B 
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"positive number О and an exponent y > 3,89 that, for every value of n, 


а 
A —>. 
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They then give a generalization of this theorem for the series 
© 
1 са (пе), 


ба, 








where ф(у) is рае іп d form 
Е (а, сов ny + by віп hd (p. 67—80). 
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6. Faber of Oarlsruhe.—On continuous fonctions; (In German.) 

The object of this paper ів to point out that it із possible, by means 
of the superposition of broken straight lines, to construct examples of con- 
tinuous functions which possess particular properties, e.g., functions whose 
non-differentiability, up to a certain degree, can be represented geometri- 
cally, (р. 81—94). 

Arthur Weeferich of Munster.—Proof of the theorem that any integer 
is representable as the sum of not more than nine positive cubes. (In 
German.) (р. 95—101). и ' , 

Hdmund Landau of Berlin.—On an application of the theory of prime 
numbers to Waring’s problem in the elementary theory of numbers. (In 
German. ) | | 

- Oombining Wieferich's method with a new theorem, first given by 
de la Vallée Poussin in 1896, the author proves that, if an integer exceeds 
в certain integer, it is representable as the sum of not more than eight 
positive cubes. (р. 102—105). 

Arthur Wiefertch of Munster.—On the representation of numbers ав 
sums of fourth powers. (In German.) 

Tt is proved that any integer is о ан as the sum of 37 fourth 
powers. (р. 106—108). 

J. Ouspensky of St. Petersburg. — Note on the integral олійні which 
depend on a fifth root of unity. (In French.) ` 

"The author gives a simple demonstration of Euclid's КЕЛІ for 
such numbers. (p. 109—112). / 

W. Fr. Meyer of Konigsberg.—On an application of the dus of in- 
variants to the expansion of integrals —~specially | rational, elliptic алі, 


, hyperelliptic integrals --іп series. (In German.) 


The author found that, in virtue of the fact ( first pointed out by Prof, 


Klein) that the elliptic integral 
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is a transcendental covariant of the binary biquadratio form f,(w), the 
coefficients in the expansion of J(2), in ascending powers ої т, obey в very 
simple law. He then successfully attempted to extend this law to higher 
integrals of the form 


| da Ға) А (а) жо 


where f, (2), g, (a), В, (а), ... represent a finite number of binary forms 
of orders n, p, q,..., and u, у, 7,...are arbitrary exponents (real or complex) 

The present memoir contains the results of the author's investigation. 
He first considers the general case, and then deduces the expansion of J(#) 
and some other interesting results including the following known expan- 
sion :— 


NEL зо 3 : +1 ,% 1 
M/s) ITE) 150 9-0 * 2141 
о 
1:8-5...[2(1—2) — 1} " 13.5...(28--1) 
2-4-6...(2(1—2)] 9-4.6...98  ' 

(p. 118—132). 

а, A. Miller, of Urbana, U.8.A,—On the multiple holomorphs of a 
group. (In English.) 

The object of the present paper is to examine the abelian groups with 
respect to multiple holomorphs. (188—142). 

Prize Proclamation of the Royal Society of Sciences of Göttingen for 
the proof of Fermat’s theorem, (In German.) (р. 143—144). 


Mathematische Annalen, vol. 66, parts 2 and 3 (Nov. and Dee., 1908). 

Ernst Jacobsthal, of Berlin.—On the construction of transfinite Arith- 
metic. (In German.) 

With the help of the theorem of transfinite induction, the author 
defines certain operations which include, as particular cases, addition, 
multiplication and involution The course of these operations is described 
by putting down certain inequalities ; and it is shown that, corresponding to 
each operation, there are certain numbers—called the Haupteahlen or chief 
nunibers of the operation—which are of special importance. The results 
relating to these Hauptzahlen are used to discuss the notions of prime 
numbers and of the divisors and multiples of given numbers. 16 is found 
that addition is the most important of all the operations, just as in finite 
Arithmetic the operation of multiplication is the most important. 
(p. 145—194). 

Georg Landsberg, of Kiel.—On the class of those surfaces which cut a 
bundle of rays at a constant angle. (In German.) 
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Denoting by т, 0, ф the polar co-ordinates of в point, and taking 


т=е (6, Ф) 


to be the equation of such a surface, the author finds the partial differen- 
tial equstion of the class to be 


Slog ол è log r А 

(55) b Cao toth; + We rg 
where А ів the constant angle. He then deduces certain peculiarities of 
the surfaces, and the different possible ways of generating them. The 
ohief result is this : Every surface of this class can be generated by the 
motion of à logarithmic spiral, whose plane rolls, without sliding, along a 
сопе having its vertex at the pole of the spiral, but, otherwise, quite 
arbitrary. (р. 195—201). 

Guido Fubint, of Genoa.— Applications of the theory of continuous. 
groups to differential geometry and to the equations of Lagrange. 
(In Italian.) | 

After а paragraph devoted to preliminary formule, the author inves- 
tigates, in the next four paragraphs, the various metrical geometries for 
which there exists a continuous group of movements, a continuous conformal 
group, a continuous geodesic group, ог в continuous group whose trans- 
formations change any hyper-sphere into another hyper-sphere. The last 
paragraph ia devoted to the applications of the preceding results to tho 
equations of Lagrange. (p. 202—214). і 

Е. Hilb, of Erlangen.—On Klein’s theorems in the theory of linear 
differential equations. (In German.) ` 

In his lectures on linear differential equations of the second order, 
delivered in the years 1890—91 and 1893—94, Prof. Klein discusses the 
following question: Given the real singular points aud the corresponding 
_ indices, how far is it possible to determine the unknown parameter во 
that the polygon, bounded: by circular-arcs, on which the half-plane, on 
one side of the axis of real quantities, is represented by means,.of the 
quotient of two particular solutions of the differential equation, may hive 
prescribed. properties Р The present paper, which was-written under 
Klein's inspiration, has for its-object the proving of certain assertions, 
about this question, made by Klein in his paper in the Math. Ann., vol. 
64. The author bases his proofs on certain elementary considerations of 
continuity whioh are quite analogous to those occurring in the theory of the 
real roots of algebraical equations. (p. 215—257). 

Oharles Haseman, of Bloomington, U.8.A.—Application of the theory 
of integral equations to sonie boundary value problems in the theory of 
fonctions. (In German.) | 


~ 
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In $1 the following problem is solved: For the inside of a given 

region, determine a regular analytical complex function, 
Ка) = (a, у) 3 (а, у), 
of which the real and imaginary ратів, u (s) and v (в), on the closed boun- 
dary-curve C, satisfy the condition 
a(s) (в) + Б (8) v(s)  c(s) =0, 

where a(s), (в), с(ғ) are given real functions of the arc s of C and, 
although subject to certain conditions, are not necessarily continuous at 
every point of C. In § 2 the author finds two functions, for the inside of 
в given region, when two relations between their real and imaginary parts 
on the boundary are prescribed ; and in 8 3 he considers a similar problem 
for the case when one function i8 required for the inside, and the other for 
the outside, of a given region, (р. 258—972). 

Н. Weyl, of Góttingen.—Singular integral equations. (In German.) 

The method of an infinite number of variables was first successfully 
used by Hilbert in the theory of the integral equation 

b 
f(s)-9 oaf Е (з, t) ¢ (0) di, 
a 

where f(s) and the kernel K (з, t) are given functions, and K (8, t) ів con- 
tinuous. In the first part, it is shown that this method is also applicable to 
cases in which Ж (в, 2) is not necessarily continuous at every point (з, 2); 
and in the remaining part, by using special discontinuous kernels, the 
author deduces (1) some interesting results about the expansibility of an 
arbitrary function in series of Hermite’s orthogonal functions and in series 
of Laguerre’s polynomials, and (2) some integral theorems including the 
following: When f(s) satisfies certain conditions of continuity and differen- 
tiability, 


со со 
№) = ur, (s SRD ff) 1 7, (E AZT) аал. (p. 278—894). 


Wera Myller-Lebedeff, of Bucharest,—On the application of integral 
equations to в parabolic boundary-value problem. (In German.) 
The author investigates a continuous solution of the equation of para- 
bolie type 
шқ Bu Lw іш 
бой 28 за 
for a domain А B 0 D, bounded by = 
2-4 (9, 
фа, 
ge % @), 
=; 
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where the values of u on А B, ВО and О D are presoribed to be At), Ка) 


and f,(t) respectively, fj, f and f; being continuous and differentiable. 2 


(p. 325—830). 
И. Study, ої Bonn.—On the real solutions of the equation 
pu 8 
Те а ЫЙ те (In German.) 


In this paper, which is an.extension of the author's note in the Math. 
Ann., Vol. 68, the following theorem is proved : The real part « (2, у) of 
an anslytical function 

w = Дату) 
has then, and only then, a connection with another real function 4“ of the 
real variables » and у, when the inverse function of w has a real period ; 


further, if 2 о is а positive primitive period of the inverse function, then” 


corresponding to this period there exists a function 4%, which stands to 
the given function u in the relation that each determines the other up to 
a multiple of 2 о. The author also proves that, if « be a real solution of 


бы бш 
за Т буа 


· then the locus of the point whose cartesian арыш are (2, у, је isa 
surface of translation. (р. 381—336). 

Walter Schnee, of Berlin.— About the problem of the бойосо of 
- Dirichlet’s series. (In German.) 

As a generalization of a theorem of Landan’s, the author proves the 
following theorem: Let 


=0, ih М 


қ да %% -ns 
n 


where 
вай, А ~ 


and (Хај denotes an arbitrary sequence of positive numbers, monotonously r 


increasing up too in such а manner that (1) the superior limit of 
log n 
АЗ 
a whole number p, exists such that 


-А „~ (а+8)А 
p. a ЈА 





is a finite quantity a and (2) corresponding to every number 820 


А 
pl 


when р ~ ро. Further, corresponding to ‘every number ;8 > 0, let there 
exist a whole number n, such that 
~ 8A, р 

ма 





г 


+ 
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when nn, Also let the function represented by the series f(s) be 
regular for R(s) > т, where y is an arbitrary real number less than a; and, 
finally, for 


o»17,|tl Xl 
let 


| MOI « BIELE, 
where B is a constant and 
OZ k«l. 
Then the series f(s) converges at least for 


7+ ka 
1+®Ё ' 

6. Hamel, ої Brünn.—On the foundations of Mechanics. (In German.) 

This paper is an attempt at a rigorous foundation of classical 
Mechanics. Although the author recognizes the fundamental importance 
of the works of Kirchoff, Mach and Poincaré, he does not accept, in their 
entirety, the opinions of these writers. (p. 850—397). 

Francesco Aurelio Dall’ Acqua of Mantua,—On the integration of 
the Hamilton-Jacobi equations by the method of separation of variables. 
(In Italian.) 

In the Math. Ann., Vol. 42, Stackel proposed the following problem : 
Under what conditions are the Hamilton-Jacobi equations, which are 
given by 


R(s) > 





(р. 337—849), 


Н (py Pores Ра) біо yy «+ Фа) = const. 
877 
(pac EC À-1,2,... n), 


integrable by the method of separation of variables, when H corresponds 
to а dynamical problem with connections independent of time? The 
author obtains, in a direct manner, the conditions and the complete solu- 
tion for the case of three variables. (р. 898--415). 


Journal de Mathématiques,—(Liouville’s Journal), Paris, 1908, sixth 
sories, fourth volume, Nos. 1 and 2. 
І, Remwy.—On certain algebraic surfaces connected with the Abelian 
functions of class 3. 
Mons, Remy puts а general problem of a particular type concerning 


algebraic surfaces in the introduction to his paper, vie., how a correspon- 
4 


~ 
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dence may be established between algebraic surfaces and ourves of class 


p such that couples of points on the latter may be represented by points | 
. on the former. He, however, rastricts himself to the case of p=8 and 


studies the surfaces such ав 9, to в point on which correspond two couples 
of points on a curve C, situated in в straight line. The general theo- 
rems concerning such surfaces are applied to а particular surface S, of 
the sixth degree. The paper ends with the study of the class of curves 
traced оп 8). The surface S, is an envelope of a certain family of cubic 
surfaces, and its equation may be put in the form F[(Z¥ бал), (Pj Qa,J), 
(РЕ Qa,k)]=0 where Рі--0 are planes and Qas=0 are quadrics, which 
together form а degenerated cubic surface circumscribed to б. 


8; has three concurrent docble lines and five singular tangent planes 


touching it along & plane cubic. 
. А. Bunr.—On the generalisation of trigonometric series. The author- 


shows how to form series more general than the trigonometric series, ^ 


which contain an arbitrary parameter ф and which represent f(#) in the 
first interval; then this function multiplied by сов y, cos 2y,..., or sin $, 


sin 2y,...in the intervals following the first and of identical length, and so Й 
"оп. Та fact he studies this general question: Given а trigonometric 


series representing a well-defined function, is it possible to find a simple 
and immediate operation that will transform this series into an infinity of 
others, which will still defino the same: function in the same intervals Р 
The answer is in the affirmative ; in particular, he shows how а series can 
be obtained which, though not a Fourier series, will behave exactly like 
it, and will represent a given fanction for a given interval. He applies 


`- the result to solutions of partial Hnear differential equations, in particular, 


to Laplace’s equation in two dimensions. 
С. Porovior.—On the equations with reciprocal integrals. 
Two systems.of differential equations, 


а” M Ma а dmi ы? , 


pay аы а абай 





are called equations with reciprocal integrals, where v,......04..; are the 
fundamental system of first integrals of equations (1), while 44 
are those of (2). The results are applied to the theory of groups and to 
problems of mechanics. One retuli is that a system of equations 


Lv cA T Bas È) to] 
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do not admit of в system of immediate integrals of the form 


depending on arbitrary functions and constants. 

Haron рв LA GouPELLUIÉRE.— Note on the principal axes of the times 
of parcours. 

T. Lanesco.—On the equation of Volterra. 

The aim of this paper is to develop and complete in certain points the 
beautiful researches of Volterra in the functional equation 


2 
| Ха, 8) p(s) де= F(«), 
“4 

and in analogous equations where one at least of the limits of the integral 
is variable; ф(в) denotes the unknown function, А result worthy of 
notice is the derivation of the well-known expression 


© 
\ 49-14-% dy for T(z) 
о 
from the simple type of 
Ха, в), viz., ХО, 0) 20 
occurring in the general functional equation of Volterra. 


—— 


Annals of Mathematics.—Published under the auspices of Harvard Uni- 
versity, second series, vol. 9, Nos, 2, 3. 


В. D. Олвмтонакі,-Оп the classification of plane algebraic curves 
possessing four-fold symmetry with respect to a point, О. E. STROMQUIST.— 
A second inverse problem of the Oalenlus of Variations, H.C. Worrr.— 
The continuous plane motion of a liquid bounded by two right lines. 
J. К. WurrtgMORE.—-À problem in Chance, A. E. KExNELLY.—The expres- 
sion of constant and of alternating continued fractions in hyperbolic 
functions. О. D. Кетљов.—А. necessary condition that all the roots of an 
algebraic equation be real. Е. B. УУповом.--Т Ве equilibrium of a heavy 
homogeneous chain in а uniformly rotating plane. J, L. CooLrpax.--The 
continuity of the roots of an algebraic equation. W. Е. Osaoop.—On the 
differentiation of definite integrals, Н. E. Boomamax and J. Н.Ноов- 
BREANDT.—Note on the convergence of a sequence of functions of в certain 
type. G. А, Briss —-On the inverse problem of the Calculus of Variations. 
С. М. Назкіч8.--А geometrical interpretation of generalised law of the 
mean. Р. SAUREL.—On the torsion of & curve. 


Societies and Academies. 


Academy of Sciences, Paris, 1908. 
January—]une.. 


A, Buhi,—On the summability of Fourier series. 

А. Denjoy.—On the choice of the index of convergence for infinite 
integral series. 

Schlesinger.—On a differential system of the second degree. 

Esclangon.—On the periodic solutions of certain funotional equations. 

Bug. E, Levt.-—On the equation 

5%; | 823 — ди | ёу=0. 

В. Oartan.—On the definition of the area of a portion of в curved sur- 
face. 

Teitzéica.—On a class of surfaces. 

Léop. Téjer.—On the development of an arbitrary function in terms 
of Laplacians. 

Petrovitsch.—A. theorem on Taylor's series. 

B. Cotton.—On the approximate integration of differential equations. 

H. Goursat.—On в. theorem in the theory of integral equations, 

В. Holmgren.— Remark on a communication of Levi, 

Remoundos.—On the singularities of differential equations of the first 
order. 

Ророясі,--Оп the congruences of plane curves. 

Raf'y,—On the surfaces with non-distinct lines of curvature, 

Stérmer.—Oase of reduction of differential equations of the trajec- 
tory of an electric corpuscle in a magnetic field. 

Ттаупатд.--Оп a hyperelliptio surface of third order. 

Kolosoff.—On the problem of elasticity in two dimensions. 

Nordmann.—New researches on variable stars. 

A, Buhl.—On the series of Taylorian polynomes. 

Korn.—General solution of the problem of equilibrium in the theory 
of elasticity when the forces acting on the surface are given. 

Zaremba.—On the application of a problem alternative to the bi-har- 
monic problem. 


„буре, 
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Raffy—On the surfaces having coincident lines cf curvature. 

О. Stérmer.—On the differential equations of an electrified «согривоје 
іп в magnetic field. 

Le У avasseur.—On the sub-groups of the linear homogeneous group 
of four variables and the corresponding systems of partial differential 
equations. 

Raffy.-On the persistant conjugate réseaux which includes a family 
of minimum lines, 

'G. Фатфоца.-- Оп a theorem relating to the theory of twisted curves. 

Auric.—On. entropy. 

Hwmnbert.—Formulas relating to the minima of classes of quadratic 
and positive binary forms. 

Krygowski.—On the canonical hyperbolical integrals of the second 


Р. Dahem.—On the discovery of the law of falling bodies. 

Р. Zervos, —On a method of Goursat in the solution of the Problem 
of Monge. 

L. Bachelier.—The general problem of “probabilities of repeated. trials. 

Jacob.—Integrometer for integrating Abels equstion. ; 

Auric.—On the epo: of an algebraic number in continued 
fractions, 

BH. Picard. Soe а аа differential equation relating to a closed 
surface, 

De Séguier.—On-the bilinear forms. 

Banielovici.—On the partial differential equations of vibrating mem- 
branes. * ~ 

Е. Borel. —On the analysis of polymorphic curves. 

A. Demoulin.—On the ruled surfaces. 

4. цууг дв the canonical products of the infinite kind.j 

Santelivici.—On the partial differential equations of vibrating mem- 


branes. - ; / 


on 
ж 


Royal Soctety, London, 1909. ' 
January—March. 


А. Е.Н. Love,—The yielding of the earth to disturbing fc forces, 
J. Larmor.—The Relation of the Earth's free precessional nutation to 


_ its resistance against tidal deformation. 


А. Н. Gibson—On the depression of the filament of maximum velo- 
city in a stream flowing through an open channel. 
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N. Bohr.—Determination of the surface tension of water by the 
method of jet vibration, 
6. Н. Darwin.—Note on the stability of Jacobi's ellipsoid. 


London Mathematical Society, 1000. 
January—March. 


Н. Hilton.—The canonical form of a linear substitution. 

J. Hammond.—On the solution of the quintic. 

Lt.-Col. A. Ounningham.—On octavic and sexdecimic residuacity. 

H. W. Hobson.—On change of the variable in a Lebesgue iutegral. 

F. H. Jaokson.—On АһөГв extension of Taylor's series. 

Н. M. Macdonald.—Note on the evaluation of а certain integral con- 
taining Bessel’s Functions. 

А. О. Dizon —On the relations between Pfaffs Problem and the Gal- 
culus of Variations. 

~ W. Н. Young.—On Implicit functions and their differentials. 

W. Н. Salmon.—On & certain family of cubic surfaces, 

Е. W. Hobson.—Some fundamental properties of Lebesgue integrals 
in two dimensional domain, 

І.Е. Dickson.—Modular invariants of a general system of linear 
forms. 

Н, Bateman and H. Üunningham.—The conformal transformations of 
в space of four dimensions and the generalisation of the Lorentz Einslein 
principle. 

W. Н. Young.—On indeterminate forms. 

J. Larmor.—The kinetic image of а convected electric system in a 
conducting plane sheet. 

С, Н. Hardy —On an integral equation. 

Н, Bateman.—The transformation of the electro-dynamical equations 
and the laws of motion. 

H. Ounningham.—The transformation of the electro-dynamic equations 
of moving bodies. 


American Mathematical Society. - 
April 1907 to April 1908. 


F. L. Griffin.—On the Apsidal angle in central orbits. 
G. А. Miller.—The Invariant substitutions under а substitution group. 


56 і Societies and Academies, | x 
V. Snyder. —Ona special algebraic curve having a het of minimum 
adjoint curves. ` С 
В. D. Oarmichael.—Note in certain inverse problems in the бақ 
theory of numbers. 
Я. А. Miller. —Third report on recent progress in the theory of Groups 
.of Finite Order. 
L. H. Dickson.—On quadratic forms in s:general field. 
D. О. Gxilespig.— On" the canonical Substitution in the Hamilton - - 
Jacobi Canonical system of differential equations. - 
„`L. B. Dickson.—On triple algebras and-ternary cubic forms. 
H. Kasner.—lsothermal systems in Dynamics. 
О. Н. Sisam.—On the équations of quartic surfaces in terms of quad. 
ratic forms. 47 
А.-8, Ohessin.—On ап Pisa appearing in Photometry. 
J. I. Hutchinson.—Hermitian forms with zero determinant. 
О. A. Noble.—Singular points of a simple kind of differential equa- 
tion of the second order. . ~ 
. Q. W. Най. — Subjective: Geometry. 
L. E. Dickson.—On higher congruences and modular’ invariants: РИ 
Maz Mason.—Note on Jacobi’s equation in the Oaleulus of Variations. 
, B. В. Hedrick.— On the distance from a point to a surface. 
Т. I. Netkirk.— Geometric representation of the Galois field. _ 
W. В. Fite Concerning the degree of an irreducible linear homo- 
geneous group. З 
F. В. Sharpe.—On the Lorentzian transformation and the radiation 
‘from а moving electron. - : 
“TJ. W. Хондо. А. fandamentel irvariont of the discontinuous ¢- -groups 
defined by the normal curves of order » in a space of n dimensions, | x 
О. N. Moore.— On certain constants «левова to Fourier’s constants. 
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Reviews. 


“А Course of Pure Mathematics.”— By Professor б. Н. Harpy. Cam- 
bridge University Press, 1908, pp. i to x, 428. Price 12 shillings, net. 
This book is divided into ten chapters. “ Mathematical analysis being 

essentially the Science of the Continuum; it is proper that every course 

in analysis should begin logically with the study of irrational numbers.” 

In the first chapter are accordingly discussed the various classes of num- 

bers included in the Arithmetical continuum. Although no attempt has 

been made to give a complete account of a purely arithmetical theory of 
irrational number, for which the reader is to turn to the fascinating pages 
of Dedekind’s Essays on Number (translated by Beman Smith: Open 

Oourt Publishing Coy.) and of Dr. Young’s treatise on " Sets of Points” 

(Cambridge University Press), sufficient information has been given in 

the eight sections to whet the reader’s appetite for the magnificent 

theories of Oantor and Dedekind. The linear continuum is taken for 
granted, and the existence of a definite number corresponding to each of 
its points is assumed and the various classes of numbers are analysed, 

mostly from the commonsense point of view. The chapter ends with а 

definition of the “ continuous real variable.” 

Chapter II deals with “functions of real variables.” The idea of 
functional dependence has been fully illustrated, and a systematic and de- 
tailed account has been given of most of the important classes of 
functions. 

Chapter ШІ contains an account of what is usually styled “ complex 
number.” A good deal of important and valuable matter regarding Vector 
analysis, bilinear transformation, coaxial circles, and cross-ratios, has been 
given in place of purely formal consequences of DeMoivre’s Theorem. 
Professor Hardy’s criticism in section 34 that а complex-number, 2+ yt, 
(the usual synonym, “imaginary-number,” is by no means a happily chosen 
one) is really not a number аб all but a pair of numbers (2, y) united 
symbolically, for purposes purely of convenience, and his statement іп the 
same section that “the field of complex numbers is closed for algebraical 
operations ” are noteworthy. 
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Chapter IV deals with “limits of functions of a positive integral vari- 
able.” This chapter is one of the prinvipal features of the book, The 
notion of a limit is a difficult one and its importance can never be exagger- 
ated. Professor Hardy has done a real service to students aspiring to . 
be mathematicians, by taking pains to make this chapter as full and in- 
teresting as possible. Before giving a formal definition of a limit, the 
author has descanted with admirable clearness on the-nse of such terms ог 
phrases as “large,” “infinity,” “n tends to infinity," &c., and the author's 
treatment of them recalls to mind the masterly exposition of the same 
subjects, two generations ago, in the pages of Augustus DeMorgan’s , 
Oaleulus (Introductory Chapter), Two definitions are given, vis. : (1) of a 
finite limit, and (2) of an infinite limit (positive infinity), with geometrical : 
illustrations > апа some important points are considered concerning these 
definitions, among which the fact that “a limit is not the value of a funo- 
tion,”can hardly be too strongly impressed on а student of Mathematics. 
“ Oscillating” functions are then defined as well as finite and infinite 
oscillations, with illustrations, The behaviour of the sum, product, 
difference and the quotient of two functions whose bshaviour is known as 
regards limits, are treated with logical rigour and the warning finger is 
pointed at obvious pitfalls; for instance, a rigorous proof in some detail is 

| given of the well-known theorem “if % (п) and y (n) tend to limits а, b, 
then $ (m)+y (п) ‘tends to the limit a+ b," and the rigorous proof in place 
of .& commonsense one is supported. by the. remarks :—“ In this case the 
result -obyiously indicated by commonsense was trua. In more difficult 

' Gages commonsense as often ` indicates an untrue result as a true one ; 

‘sometimes it fails to give any indications at.all. In such cases viene 

‘general arguments are’ worse than useless ; they lead to mistakes not only 
gross in themselves but entirely confusing in their consequences. And 
unless the reader is prepared to take the trouble to try and understand 
the way-in, which rigorous methods apply to-simple and obvious cases, 
when their application is easy, he will find that when he comes to 
difficult questions which cannot be settled- without them, he has not the 
capacity to'use them." No remarks could be more just than these, and it 
would not be paradoxical to gay that the student of the present day mathe- 
matics “must learn to think in the є, 8 forms of Oauchy and Weierstrass.” 
The special but particularly important class of functions of n whose varia- 
tion, as n tends to Infinity, is always in the same direction, is then dealt 
with by means of а definition and а theorem with corollaries, the great 
importance of which lies in the fact that they give us a means of deciding, 
in great many cases, whether a given function of & does or does not tend 
to a limit ав п tends to Infinity, without Б. us о be able to gues or 
otherwise infer beforehand what the limit їв. 
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The consideration of limits naturally leads to the theory of infinite 
series and some general theorems concerning them. The theory of decimals 
in general, recurring and non-recurring, and the expression of irrational 
numbers as non-recurring decimals, are given in smaller type as examples ; 
for a full exposition of the subjects, the reader must turn to the informing 
Appendix I to Professor Bromwich’s Introduction to the Theory of 
Infinite Series (1908, Macmillan & Co.) which gives the Arithmotic theory 
of irrational number and limits. 

Chapter V is no less important than Chapter IV. In it are disenssed 
limits of functions of а continuous variable, continuous and discontinuous 
functions. This chapter is supplementary to Chapter IV, and the close 
correspondence between functions of a continuous real variable and funo- 
tions of a positive integral variable, is indicated, and we are shown how 
the definitions and theorems to which we are led in Chapter ТУ, may 
be repeated for purposes of Chapter V, by reading > for n with this differ- 
ence, that д varies through all values asit tends to Infinity, whereas m tends 
to Infinity by a series of jumps. Section 83 of this chapter is specially 
valuable in that it shows where a beginner (and, for the matter of that, an 
advanced student also) is likely to commit an error. Thus in Limit 
@——>() (a+ bet сай + .. e^ ) one is likely to put 2 =0 at once. Surely the 
correct result is obtained but the procedure is wrong ; for the statement 


Lim, o? = 1' 


is a statement about the values of ф(с) when 2 has any value distinct from 
but differing by little from zero. It ів not a statement about the value of 
фо) when #=0. To emphasise this important distinction, the values of з 
are, in the definition of в limit (e—2»0), defined by the inequalities 
0<в,<.. Thus take the function w/z, This is not defined at all for а=0 
while the limit is == 1, so long as æ differs from zero, however emall the difer- 
ence might be. 

The rigorous definition of limits leads to the definition of a continu- 
ous function of a real variable (the continuity may be through an interval 
or everywhere), and the definition is illustrated geometrically: From con- 
tinuity the author proceeds to the classification of discontinuities. In 
section 86, Professor Hardy puts what is the commonsense notion of con- 
tinuity and reconciles it with the mathematical definition, thereby showing 
that our commonsense notion is substantially accurate and capable of 
precise statement in mathematical terms. The chapter closes with an 
account of inverse functions and of the range of values ої а continuous 
function, the theorems regarding the latter being of an abstract character. 

A careful study of chapters ГУ and У prepares the student for admis- 
sion to the portals of the calculus, viz., derivatives and integrals, the 
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subject matter of chapter VI, The main standpoints of the differential 

- calculus are passed in rapid review, and the notes and examples іп small 

~, type lighten dark corners in the theory. In section 106 the “theorem of 
the Mean” is stated and fitly called “ the most important theorem in the 
differential calculus. " То section 111, “ Integration ” is reached and consi- 
dered asthe “converse” of “ differentiation "— perhaps the commonsense 
way of setting about the matiter. In eleven paragraphs of this section, 
Professor Hardy gives a useful resumé of the possibilities of the solution 
` of the “ converse” question. 

In chapter ҮП additional theorems in the calculus such as "айза 8 

“(called the general Mean value theorem) are given with their applications 
to problems of maxima.and minima, contact of curves, etc., the distinguish- 
ing feature -being that the doctrine of limits, as explained in the previous: 
chapters, is the corner-stone on which each discussion resta. 

Chapter VIII deals with the “convergence of infinite series and ' 

. infinite integrals "—subjecis fully treated in Professor Bromwich’s book, 
&nd the nuthor has purposely ayoided the inclusion of anything that 
really involves difficult ideas—such as “the principle of convergence,” 
“ uniform convergence,” “ double series," eto. 

Chapter IX and X, the last two chapters in the book, deal with the 
theory of the logarithm and the exponential, starting from the definition 
of а logarithm as an integral. And it is noteworthy that “it was the 
desire of Professor Hardy to,write an elementary account of this theory " 
that originally led him to begin the book, and the choice of matter for the 
earlier chapters was decided by а consideration of what theorems would be 

- wanted in the last two. It іячавпа1 іп English books on the calculus to | 
deduce the differential coefficient of log e from the exponential limit or 
from the exponential series (vide section 198, page 367 of the book), but 
these chapters contain an independent treatment of the logarithmic func- 
tion, and this way of introducing the function may appear to be desirable in 
a first course on the calculus. [A paper by Bradshaw on the subject, in 
-tho Annals of Mathematics (2), volume 4, 1908, may be consulted. Also 

"^. „Appendix II, рр. 396-414, of Professor Bromwich’s © Infinite series.” | 
Professor Hardy’s book will be eminently useful as a eade meoum to 
those who have already acquired some familiarity with the calculus from 

‘other sources. It can hardly be used as a first text-book. The Professor's 

experience аз a teacher of "а good many of the ablest candidates for the 

Mathematical Ттіров ” and his own erudition, have enabled him to produce 

a work which may be deemed “Elementary” only in the sense that it 

exposes the philosophy of the elements, thereby showing that all-beginnings 
are difficult, and that what lies at the root is always difficult to got at and 
+ has “ден and will always require, volumes to be written. | 
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It is customary with reviewers to run their critical eye mainly 
on the defects in a work, This has not been my purpose, the excellence 
of the work 18 во marked in many respects. But І may indicate one or two 
points which may be looked into when another edition of the book is 
issued, as is sure to be the case. In the seventh line of the note in small 
type to section 5, page 12, the word “first” should perhaps have been 
“last.” In paragraph 4 of section 112, chapter VI, page 221, it is written 
“that there really ів & function Р (а) such that D,F(#) =1/# will be 
proved in the next chapter.” The reader naturally would search for the 
proof in one of the sections in large type, but he would fail to find it unless 
he scans closely the small print of the notes, and arrives at the note at 
the end of section 142, page 278, whioh only indzoates the proof in four brief 
lines, Seotion 198, page 367, should, obviously, not have been printed in 
із ame А. C. Вовк. 


Traité de Trigonometrie.—Par J. А, SERRET, 


The scope of the treatise is clearly indicated in the preface in the 
following words: “The first chapter deals with the elements of the 
theory of circular functions ; the second relates to the construction and use 
of trigonometrical tables; the two following chapters deal with the subject 
of trigonometry, properly so-called, 1.6., the body of principles on which the 
solution of triangles, both plane and spherical, depends, These four 
chapters constitute the elementary portion of the work The fifth chapter 
completes the theory of circular functions [including the theory of the 
complex variable and convergency of infinite series and products], of 
which a sufficiently comprehensive account is given, such as is required in 
the higher parts of Mathematics, And finally, the sixth and last chapter 
is specially devoted to the development of trigonometrical solutions based 
on the employment of series. These solutions relate to the various prob- 
lems that frequently present themselves in Astronomy and Geodesy, but 
for which the general methods are found to be insufficient.” 

Thus the work extends over the whole range of Trigonometry both 
plane and spherical. It is not without interest, therefore, to compare the 
mode of presentation of the subject, followed in this work (and in Conti- 
- nental works on mathematics), and that followed in English works 
generally, In ап English text-book the subject-matter of a single chapter 
of the present work would be dealt with in several short chapters, each 
one being followed by a large number of illustrative examples (some of 
them fully worked out). In this work, this long chapter is either followed 
by no examples, or perhaps six or seven (questions proposées) ab most 
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` 
There is an obvious advantage in the English system to the beginner, unless 
too much time is wasted in solving examples, mado artificially difficult 
as а test of mathematical skill. On the other hand, the mode of presenta- 
tion followed in this book gives a comprehensive view of the whole 
subject, as against a somewhat scrappy notion that a student often comes 
to have by following the English plan. The new regulations of the Uni- 
versity of Oambridge are intended to direct attention to the advantage of 
combining the two systems, and there is no doubt that that, is the best 
course, 7 p ns 
М D. N. M- 


’ - ~ 
E . 


“The Corpuscular Theory of Маббег."--Ву J. J. Тномвон. 


The celebrated experiments of Hertz has so to say subordinated Optics 
to Electricity. The modern tendency of physics is to subordinate even the 
oldest”part of physics, namely, Mechanics, to Electricity. We have got 
to change our views about Matter and its properties and think that the 
very origin of Mass is probably electrical. Prof. J. J. Thomson is one of 
the physicists who created this new chapter of physics, and everything 
whatever comes from his pen should be read by everybody who wants to 
remain up-to-date in these matters. 

_ The general scientific world had a general view of these new theories 
in Prof. Thomson’s celebrated Silliman lectures. This new book covers 
the same ground and gives some endeavours to explain some physical 
properties with the help of the theory of electrons. 

In the first chapter we have в short recapitulation of Cathode. rays, 
ideas of electrons, etc. (Those who want detailed information about these, 
will find them in the excellent book of Schmidt on  Kathod- -enstrahlen.") 

In the second chapter it is shown that at least a part of the Mass in 
a charged body has electrical origin. We see also how the Zeeman effect 
gives a support to the theory of electrons. (For further information we 


may recommend Н. А. Lorentz’s lectures бп “Visible and Invisible | 


‘Motions ” and J. J. Thomson’s “ Electricity and Matter.”’) 
In the third chapter we havea theory on the possible origin ої Róntgen 
rays. (We have it a little more elaborately in * Electricity and Matter.”) 
The next two chapters are devoted to the explanation of metallic 
conduction with the help of this theory. Неге the reader finds а heap 
of interesting materials such as the theory of radiation, Wien's law, Hall 
effect, eto, . 


To quote Thomson’s own words, “it seems natural to regard the cor- 
равоје as one of the bricks of which atoms are built up," In the sixth. 


>. 
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chapter we find how we could think these bricks to be grouped in the 
atoms of different elements. Periodic law and the law of chemical affinity 
is also dealt with according to this new theory. 

In the last chapter we have an estimate on the number of corpuscles 
in the different atoms. We find the number of corpuscles is proportional 
to the atomic weight, 


8. K, D. 
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Notes and News. 


Solution of Waring’s Problem.—Dr. David Hilbert, one of the most 
eminent living mathematicians, has recently communicated to the Royal 
Society of Sciences of Gottingen a paper, entitled “ Proof of the representa- 
bility of integers by means of a fixed number of nth powers of integers,” 
in which he proves the following theorem, first given over a century ago by 
Sir John Waring who, however, could nob prove ib: Every positive integer 
is representable as the sum of nth powers of positive integers, ‘the number of 
these integers lying under а limit whioh depends only on the enponent n and 
not on the integer represented. Before Prof. Hilbert undertook the investi- 
gation of this theorem, the combined investigations of Liouville, Maillet, 
Hurwitz, Landau, Schur and others had resulted in ‘establishing the 
theorem only for the particular values 2, 8, 4, 5, 6, 7, 8, 10 of n. 


On а new method of introducing the Elliptic Functions.—Àt the 
last Dublin meeting of the British Assogiation, Mr. Robert Russell 
explained a new method of introducing the elliptic functions. By con- 
sidering the functions 


| da dy 
= ==; v= === 
а Ле) s VID 
where 
Да) =at + dag? + Ba? + 4ag8 + а, 
and бін one of the roots of f(#)=0, he showed by а simple reasoning that 
the expression 
PN чы. ЖЕМЕ 
(2—8)(y—8) 
was invariant for transformations of the type 
+ т 
Ut ті 
and then that а function p existed such that 
а-у _ ф(н—о)ф(и+о) 
(2—8)(у— 8)  {ф(ш)}{ф(®)}# " 
This function ф is no other than the ordinary о-Ғілсбоп, 
5 
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А Тһе Fourth International Congress of Mathematicians.— The 
Fourth International Congress of Mathematicians was held in Rome.in 
April, 1908. JPhe first three Congresses were held respeotively in Zurich; 
Paris, Heidelberg. The following papers were read at the Rome 
Congress :— | 


G. DarBoux.—Infinitesimal Geometry. Е, Kuzin.—On tho Enoyolo- 


pedia of Mathematics, А. В. Fonsvrm.—On the present condition of. 


partial differential equations ӧ the second order, as regards formal integra- 
tion.” D. HrnsgERT.— The.method of infinite number of independent vari- 
ables. Н. А. Повият2.--Тһе partition of energy between ponderable 
matter and ether. G. Mrrtaa-Laryitr.—On the arithmetical representa- 


tion of general analytical functions of one Complex ‘Variable. 8. Nzw- 


домв.—Тће theory-of the motion of the Moon, its progress and its present 
state. Е. Proarp.—Analysis and its relation to Mathematical Physics. 
Н, Porwoínf,—Future го: Mathematics,  VREBRONBRBE.—Non-archimedean 
Geometry. : 


й Professor Volterra opéned the proceedings with а зони on Mathe- 
“matics in Italy during the second half of the XI Xth century. fh m 


It has been decided at the fourth Congress that the next Congress will 


be held in Cambridge in August, 1912. 


~ International Commission for the Teaching of Mathematios. — 
The following resolution was adopted at the Fourth International. Congress 
of Mathematicians: The Congress having recognised the importance of a 
„comparative examination of the plans and methods of study for the teach- 
ing of mathematics in the secondary schools of different nations, entrusted 
` to Messrs. Klein, Greenhill and Fehr the task of constituting an Interna- 
tional Commission which will study these questions and will present a com- 
plete report to the next Congress at Oam bridge. 


The Committee consists of — 


Prowdent:—PRow; Faux Kuey, of Göttingen. 
Vice-President :—PRor, Str (ховаю GninxnILL. 
General Secretary :—Pror, H. Feng, of Geneva. 


' The Ganita-Sara-Sangraha of Mahaviracharya. —Prof; D. E. 
Smith of New York announced at the Fourth International Congress of 
Mathematicians that Professor Rangacharya of Madras would shortly 
publish a translation óf the great Ganita of Mahaviracharya which was 

' written at Mysore about: the year 850 A.D. Among the interesting fea- 
tures of this-work are the summation of series beyond а certain fixed term, 


- a relative error іп the value ot Ss many problems including the equation 
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a—(bator/ a+ a)=0, and numerous forms of indeterminate equations 
including az+by+crt dw=p, ag. 

Smith's Prizes.—'The Smith's Prizes for 1909 have been awarded 
to Mr. H. W. Turnbull, Trinity College, Cambridge, for his essay, 
“The irreducible concomitants of two quadratic in n variables”; and to 
Mr. G. №. Watson, Trinity College, Oambridge, for his essay, " The solution 
of homogeneous linear difference equation of the second order, and its appli- 
cations to the theory of linear differential equations of Fuchsian type.” 


Journal of the Indian Mathematical Olub.—We have received the 
April number of the Journal of the Indian Mathematical Olub. Itcontains 
the following articles and notes :— 

Batak Ram, M.A, 1.0.8—Oommon factors of -------- | у 
m l(n—m)! 

В. P. Pyranspyz, M.A.—An electoral anomaly. Н. Оох, M.A.— 
Self-conjugate triangles. М. J. NARANIENGAR, M.A.—' The Euler's Line. 
K, J. БахзажА, M.À,—On Conics. 


Prize Problems.—The following announcements have been made by 
the Academy of Sciences of Paris :— 

The Grand Prize (of 3,000 francs) will be awarded in 1910 fora 
treatment of the following question: 1t is known how to find the system 
of two functions which are meromorphic in the plane of a complex vari- 
able and are connected by an algebraical relation, The treatment of a 
similar question for three uniform functions of two complex variables is 
required, 

The Prize Vaillant (of 4,000 francs) will be awarded in 1911 fora 
work which will render perfect, in some sense, the atudy of the movement 
of an ellipsoid in an indefinite liquid, the viscosity of the liquid being 
taken into account. 

The Grand Prize (of 8,000 francs) for 1908 was divided between 
Prof. Luigi Bianchi of the University of Pisa, and Prof. Guichard of the 
University of Olermont-Ferrand. The subject was the deformation of the 
general surface of the second degres. 


Wolfskehl Prize.—Dr. Paul Wolfskehl of Dermstadt has left а 
legacy of 100,000 marks for the foundation of a prize to be awarded to the 
person who will first prove the great theorem of Fermat, viz., to establish 
the impossibility of finding any integral solution of the indeterminate 


equation a p yeu for values of A greater than 2, where 2, y, 2 are £0; 


or to determine the values of А for which the equation is valid. 


A Treatise on Differential Calculus.—We are glad to announce 
that Dr. Ganesh Prasad intends to bring out a book on Differential Calenlus 
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in two volumes, The first volume, which is intended for beginners, is 
already in the Press, and is expected to be out by September next. Ав 
compared with the current English books on the subject, this volume will 
be characterized by greater rigour and simplicity of treatment, almost 
every article being illustrated by numerous worked-out examples. 

The second volume, which is in course of preparation, will deal with 
the advanced portions of the subject, The publishers are Messrs. Long- 
mans, Green and Co., London, 


New Publications, 


Коши, У/виріано, Branot, ано Harwaox,—Universitat und Schule. 
Lectures delivered at the meeting of German Philologists and School- 
masters at Basle on 25th September, 1907. With an appendix contain- 
ing the proposals of the Teaching-Commibtee of all German nature- 
investigators ‘and physicians with respect to the scientific education 
of candidates preparing for posts of teachers in Mathematics and 
Natural Science. 


G. Azwovx.—Arithmétique graphique. Les espaces arithmétiques: 
leurs transformations. Рр. 84. 8 francs. Gauthier-Villars, Paris. 
1908. 


J. G. Гаатнем.—Тће Elementary Theory of the Symmetrical Optical 
Instrument. Cambridge Tracts in Mathematics and Mathematical 
Physics, No. 8. Pp. 74. 25. 64. net. University Press, Cambridge. 
1908. 

G. Е. C. Suartz, F.R.S.—Bxperimental Elasticity. A Manual for the 
Laboratory. Рр. 187. 58, net. University Press, Cambridge. 1908. 

В. Bargs.—Legons sur les Théories générales de l'Analyse. Tome II: 
Variables Oomplexes. Applications géométriques. Рр. 347. 17 fr. 
Gauthier-Villars, Paris. 

Н. Borxwarpt.—Vorlesungen über die Elemente der Differential— 
und Integralrechnung und ihre Anwendung zur Beschreibung von 
Naturerscheinungen. Рр. 252. 6 marks. В. G. Teubner, Leipzig. 

Автнов Вонотав,— Qraphic Algebra. Рр.98. 7s. 6d. Macmillan and 
Co. London. 

Н, Fzng.—Application de la Méthode Vectorielle de Grassmann á 
la Géométrie infinitésimale. 2nd Ed. Рр. 94. +. Georg Co. 
Geneva. 


H, Frus.—Enquóte de "l'Enseignement Mathématique” sur la- 
Méthode de travail des Mathématiciens. Рр. 126. 5 fr. Gau- 
their-Villars, Paris. 

E. Fasry.—Traité de Mathématiques générales à l'usage des chimistes, 
physiciens, ingénieurs et des élèves des facultés des sciences, avec 
une preface de СІ. Darboux. Рр. 440. 9 fr, A. Hermann, Paris. 

J. Номомо Wericut.—Invariants of Quadratic Differential Forms. 
Cambridge Tracts in Mathematics and Mathematical Physics, No. 9. 
Pp. 90. 2s. 6d. net. University Press, Oambridge. 1908. 
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F. Kuai.—Elementarmathematik vom héhern Standpunkte aus. 
Teil I Arithmetik, Algebra, Analysis. Pp. 590, 7 mk. 50, В.О. 
Teubner, Leipzig. 

E.-Ngpro.—Gruppen-und Substitutionentheorie (Sammlung Schubert) 
Pp.175. 5 зак, 20. б. J. Goschen, Leipzig. 


К. 8. Bart.—Spherical Astronomy. Рр. 506. 124. net. University 
Press, Oambridge. 1908. 

9. Н. Haroy.—A Course of Pure Mathematics. Рр. 428. 128, net. 
University Press, Cambridge. 1908. 

Н. А. Lozenrz.—Abhandlungen über Theoretische Physik. 2 vols. 
16 mk. В. 9. Teubner, Leipzig. | 

B. Н, Asxwita.—The Analytical Geometry of the Oonic Sections. 
Pp. 448. 7s. 60. net. A. and О. Black, London. 1908. 


Н. Anpover.—Qours d'Astronomie. Second Part. Pp. 804. 10 fr, 
А. Hermann, Paris. 1909. 

Махімв Вбонвв.-Ал Introduction to the Study of Integral Equations, 
Cambridge Tracts in Mathematics and Mathematical Physics. Мо. 10, 
Pp. 71. 2,64, net. University Press, Cambridge. 1909. 


E. Н. Влвтох.--А Text-book of Sound. 10s. net. Maomillan and Co. 
London. 7 

Roya. Soorety оғ Lomwpox.—Oatalogue of Scientific Papers, 1800-1900. 
Subject index. Volume I. Pure Mathematics. 218. net. Uni- 
versity Press, Cambridge. 

Psrcivat Lowstt.—Mars as the Abode of Life. 10s, 6d. net. Mac- 
millan and Co, London. | 

J. Шавмов,--Тһө Scientific Career of Lord Kelvin. From the Obituary 
Notices of the Royal Society. Рр. 76. 4s, Harrison and Sons, St. ` 
Martin’s Lane, London, W.C. 


J. L, Coonpan.—Elements of Non-Euclidean Geometry. University 
Press, Oxford. ; 

G. Б. Hare.—The Study-of Stellar Evolution, Ап account of some 
modern methods of Astrophysical research. Рр. 250. 168. 64, 
Weslay and Бол, London. E 

H. PorcagÉ.—La théorie de Maxwell et les oscillations hertziennes, 
La Télégraphiesansfll 8rd Ed. Pp.114. 2 fr. Gauthier-Villars, 
Paris. ы 

М. Oantor.—Vorlesungen über Geschichte der Mathematik, Vol. ГУ. 
В. б. Teubner, Leipzig. 
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MODEL OF THE MOBIUS SURFACE. 


Оп а Certain Cubic Surface called the 
| Mobius Surface. 


(Parr П.) 


. By C. P. CuLLIS. 


18. Envelopes of the Ванні of the Generators of ф=о 
on the Oo-ordinate Planes. 


When a model of the surface, constructed in the manner described 
in § 9, is viewed from any distant position, the envelope of the projections 
of the generators on a plane perpendicular to the line of sight will be 
clearly seen, and it will undergo continuous changes in form as the model 
is turned about, or the position of the observer is changed. The curves 
Which thus present themselves will now be considered. 

201, Envelope of the projections on the plane «=0. 

This plane is parallel both to the direct and to the oblique axis 
of the surface. 
The projection of the generator 0 is 


y=sin (ач cot 5 ) 


ог yt? — 2af +y — д2- 0, where t=tan 2. 
‚ ‘The equation of the envelope, óbtained by eliminating ё from this 
equation, and the equation yt~a=0 ів 
| y? (у? — дуг-- а?) як 0, 
Tt T of the double line y*=0, and the hyperbola 
у(у— 25) =а?, whose asymptotes are y=0, y —22—0. 
(2). Envelope of the projections on the plane y=0. 
This plane is parallel to the.direct axis and the initial gene- 
rator, The projection of the generator 0 is 


8 
w=cos 0 c cot 5) 5 


ог (а+а) 2 +s+ (2—а)%-#=0 (1). 


RE NES 20. E. Curum. - 


то obtain the envelope, | must be sliminated from this equation 
44 and 3(2+ ayi? + 2et+(@—a) =0 . (2).- 


m In тігіле of (2) we can replace (1) by + 2(e— —a)é-8s-0 (8). 


х 





The elimination of £ from (2) and (8) gne ав the equation of 
the envelope 
"48 ~ 3(а#— увя %(а-аУ) = [да + a) +в(а— а) ]*. 
-If the origin were transferred to the point (а, 0), the équation 
` > would become . 


e (284 11288 — у дан +188) 4.2742 2 =0, ~ 
Using the original axes, the каш properties of the curve may 
` be thus described :— SER 


(1) Тһе curve is ЕЧЕН with respect to thé z-axis. 
о; There are two real agymmptotes, - пів вста о, ~ 


"fes 2 whee та 3.390, 2 = 2.070 
0077 or om-889 2 2-200. < 


47%» T There is a cusp at the ps (a, 0), the character of the curve 


= а ds TE xs 


d „ете being = E a. 
(4) There is. a vertex at i point (а, 0), the e kérigent«thoro : pre 
being go a, and the character of the carve being ^ . 
#+8аа=0. ~ E. | 
(5) The line 2=0 is а double tangent, touching the curve 
“where s= +a. 
(6) A line. parallel to the ¢-axis оша the curve 
in two real pointe if ага, ~ 
in four real'pointsif о« а and >0, 
” in imaginary points only if 2<0 and >—a, 
in two real points If w< a.  . 
Thus the curve. lies outside the region lying between the 
—. two lines ш-0, й=—а. - 
ыт (7), The curve consists of two infinite branches, Куре at 
2 infinity. | E " | 
The.curve,is di. at the foot of Plate xs i 
(3). Envelops of ‘the „projections оњ the plane 2=0. 
This -consists of the double line у =0, and a.conjugate point at 
the.origin, ав is seen by putting a=90° in the next article. 


usi 


~ ~, 
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* The plates, reterred:, to in ‘tha paper are contained i in the ее number of 


‘the Bulletin, a 2 - 
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14. Envelope of the Projections on the Plane у--г tan a=0. 


Those envelopes will now be investigated which are seen when the . 
Burface is placed with the initial generator (or a-axis) perpendioular to 
the line of sight, and is then made to rotate about the initial generator. 
When the line of sight makes an angle а with the y-axis, y +e tan a=0 
will be the plane on which the projections are made. | 

We introduée в new set of axes defined by the transformation scheme 





, The required envelope ің that of the projections on the new plane 2-0, 
The equations of the generator 0 referred to the new &xes are 


~ С 


= -a= acos 6: zcosa—ysina—ausinÓÜ явіпа+у сова 
сов 6 сов є іһ 0 d i | 
5 sin 0 сов sin 5 
The equation of its projection on the new plane #=0 is 


| а ИМРЕ 6 : 6 . 0 
2 cos asin g= sin а sin б cos 5 | у ооз 0 оов 2— а сов a cos 0 sin 2-0 


2 2 
or 18, (а-а) cos a+ й. у ct. Ца-а), сов а – 22 sin a] - у 0 
‘where = 5, 


From this the equation of the envelope will be found to be 
4 [3(a--a)(a—a ооз a—2z sin а) сова] [(2—a cos a—2e sin а)#--Зу% | 
4-8. | жа сова— да вій а + 9 (+a) cos a] «10 (1). 


а сова 


If the origin were transferred to the Кош Oo sine 


the equation would become 


y=0, 


[yf — 23. 3 сов a (cos a—2 віп а) — бае, cos a (cos a~sin a) | 
x [359 + аз, (сов a —2 sin ay] 
да сов о. (cos.a~sin а) ја 
сов а-2 віпа | 


ay’ Е .(боова--ніп a) + (2). 
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^ 


We can dt once: describe tke following properties of the curve, the 
axes being those used in the first form of the equation:— ` 
(1) The curve is symmetrical with respect to the z-axis, . 
(2) The line e=0 outs tke curve where (у? – а? сбвда)!--0, and ів 
therefore a double tangent. 
(3) The line 2— —a cuts the curve where y=0, 4.6. at a verter, 
ца the character of the curve there being 
yi + Ваш. сов а (cos а--віп а) =0. 
` асова 


(4) There is a cusp at the point oe ада віп а, 


y=0, the char- 
acter of the curve there being ` 
27 сов а (сон а--віп а) 
шеге овас УЗ 
Тһе не of the generator 0 touches the envelope where 
m 1+ сов 20.. 
а (i48 сов 0-- сов 20) —9 tan a. (13 cos б) 
Bin 20 —2 sin 0 
We may use these last resulta to plot the curve for different values 
of a. In simple cases it may be easier to regard the equation of the 
envelope ая в quadratic in уз, 


--— (cos a — sin a). 


15. Asymptotes of the Envelope in the Plane у * s tan a—0- 
For points at infinity on tha envelope, we have 
у? — y*»?. (11 сов?а — 8 sin а cos a—sin*a)—2%, cos a (сов а ~ 2 ніп a)5 =) 


3 
or £ = [Pt Prg], 
where P= ~ cosa (tan a. — м) (бап a— v), 
u= —4—4/ 97 = — 9:196... 
5-44-«/27- 1°196..., 
Q= —32 costa (tan a — 4)? 
Рі 0) =оовќа (tan а — 1)(tan а--5)8. 
It appears then that 
Р, ів.ровійуе when tan a-lies between -4- /27 and —44 ма 27. 
Q ia positive when tana <}. 
Ра + Q ів positive when tan a <1, and when tana> 5. 
Hence we obtain the following results :— 
If ten a2 0 and <}, 
= is real, having one positive and one negative value, 


". there are 2 real asymptotes. 


у 
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. Iftana>f$and «1, 054005 | А 


3 4 | 
= is real, both values being positive, 
22. there are 4rreal asymptotes, 
If tana>l and <5, | | .- 
DN EET | 
дї S ry, 
7. there are по real asymptotes. 
"If tan a>5, 
уз 
gi 
г. there are no real asymptotes. 


If tana<0, А 


è . 
5 is real, having one positive and one negative value, 


is real, both values being negative, 


г. there are 2 real asymptotes. 
The forms of the curve corresponding to these various cases &ré 
shown in Plates XI, XII and XIII. 


16. Range of Real Points of the Envelope in the Plane 
ytstana=0, 

We proceed to show that for real points on the envelope, the limiting 
values of æ for real values of y аге -а and 0. Whether y has or has not 
real values between these limits depends on the value of tan a being 
> lor < l This result, which we shall obtain, can be exhibited in 
the following tabular form :— ` 




















4<-а 2 between — а and 0 2>0 
tana < 1 . 9 has y has only y has 
real values imaginary values real values. 
tana > 1 y has only y has " | у has only 
imaginary values real values ; " imaginary values. 





It will be convenient to transfer the origin to the vertex (m— —a, 
у-0). The equation of the envelope then becomes 
ytty? [ (83 + 8s — 1108 )28 — 2(s — o) (s -4)am- (в- суға) 
+ са (28 — с)а — 2(s — o)a]? -0, 
where г and c are written for sin а and сов а, : 


88 С. E. Опілля. 
This may be written as 
у" Ау? + В=0 
where ' 
A e (s 4c)a — (s—o)a] — 270343 
= {| s+ (d+ 7) e - (6794 ] { Гыға- ~): p- (во) }, 
B=ca([(2s—0)a~2(s—c)al*, 
4% — 4B =(¢—c)(~a)[(s—5o)a—(s—c)al®. 
Now Sturm's functions for the equation уз Ay* -+ B=0 are 
i y+ Ду? + В, 9y.4y, —443—2B, —A(43—-4B)y, В 
For the sake of brevity we will put й 


. t=tan a 
u= -4-a 27 
v= 4+ 4/27 


Then the leading terms іп Sturm's functions for the above equation in 
y differ by positive factora only from 
YS, 8 у. убу Sy where 
©, =1 
ж 
к= -[(Ф—ч)а—(Ф—1)а][(Ф—)а—(Ф—1)в] 
d: —(t—- D)(z -a)[(i—5)s — (t -1)a (6 —u)e — (1£—1)a] 
x [6—v)s- (Ро Da] 
S, e| (Фа (£—1)a]. 
The nature of the four roots of the equation in y can be determined 
by а consideration of the signa of Sy, Sp and Sg 
If S, is — , two roots are real and two are imaginary. 
If S,is +, 
then if S, and 9; are both + , all four roots are real ; 
and if S, and 8; are not both+, all four roots are imaginary. 
There is one critical value of й, viz, ¢ = 1, for which changes of sign 
cam.occur independently of the value of a. 


=z The critical values of = - for which Шы factions can change sign for a 


- 1 = 1 4-1 = 1 
ens i-e! а 
written in the order in arn dis odds з passes through them aa it 
travels continuously in the same sense from 0 to оо and then through о 
and baok to 0, that sense being the positive sense when ё — І is +, and the 


given value of і are 0, j These values are here 
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negative sense when £—1is —. We do not include œ among the critical 
‚ values of - because the functions 55, 9, 9; are all of even degree in а. 


If now the signs of 86, Sp 5, are determined for any one pair of values 
of t and z, for example when ¢ and а are very small positive quantities. we 
can at once deduce their signs іп all cases. These signs are exhibited in 
the annexed diagrams, where the signs of 9, 9, S, are shown in the 
inner, middle, and outer ring, respectively. 





Oase Т. t«]1. ОлвЕ II. і>1 
Tho arrow shows the The arrow shows the 
direction in which є direction in which є 


inoreases. increases, 
From the first diagram we see that if £«/1, then as = changes соп- 


tinuously іп the positive sense from = to = : , S, is always +, б, 
always + , and S, always — , and во for the other ranges. 

The dingrams show that all four values of y are imaginary ав s des- 
eribes the finite range from 0 to a in Case I, and as с describes the infinite 
range from 0 to a in Case II, апа that for all other values of 2, the equa- 
tion in y has real solutions. Since we have trinsferred the origin to 
(-а,0), this result agrees with that stated аб the commencement of this 
article. The diagrams, however, enable us to.describe the natures of the 
roots in greater detail. In Oase I, ав æ varies in the positive sense from 


: 2-1 
0 to a, the roots are all imaginary ; ав it varies from а to гл? they are 
тя 
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all real ; as it continues to vary from = = а to О, they are two real and 
twoimaginary. In Case II, as w diat in the ped sense from 0 to a, 
the roots are all imaginary у, as ib changes from a to а, they are all 


-i 
real ; EE from jte they are two real and two imaginary. 


Returning then to the original axes, our complete results are 















‘Caso Т. і Range of æ Nature of ,roots 
tana<1l ^ 
—a to 0 
æ varies in the + sense 
ü 
one 1-9 tana 





2 real and 2 imaginary 


Case П. 





tana > 1 


з varies in the — sense 


2 real and 2 imaginary 





If we. speak of that portion ої æ space in which y has no real values 
as’ ‘the hiatus, then i in travelling continuously in the same sense along the 
бо, з а-хїн we:shall pasis successively through the vertew, hiatus, double tangent, 
| , бшер, verteg,: the, sense in which we travel being positive when tana < 1 

and-negative when tan a > I 


These^"results are illustrated Ьу the figures in Plates XI, XII, 
and XIII. 


~ 
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17. Line of 8triction of the Möbius Surface. 
The equation of the surface will be taken in the form 
(a, y, є) епу (в? + уз + 2% — a3) — 2s(2? + y? + ав) =0, 
and it will be shown that the line of striction is the ellipse in which the 
surface is cut by the plane 2y + s=0.* 
Let (l, m, n) be the direction cosines of the generator 0; 
(А, р, у) those of the common perpendicular to ће уо consecu- 
tive generators 0, 6--а0; 


(p, ду“) the direction-cosines of the normal to the plane through 
the common perpendicular and the generator 0; 


* 


(р, 9, 1^) those ОЁ the normal to the plane through the common 
perpendicular and the generator 0+ 40. 


Then the co-ordinates (2, у, є) of the point in which the generator 0 
is cut by the common perpendicular to it and the consecutive generator 
0+ dô, satisfy the equations 

(2-а сов 6)р + (y—a sin 0)g t sr0, ^ a) 

(а--а сов 6--а sin 0 абјр' + (y—a sind—a cos 0 40) g'--zr'20, (2) 
these being respectively the equations of the plane through the common 
perpendicular and the generator 0, and the plane through the common 
perpendicular and the generator 6 + 46. 


9 0 6 
Now = сов Ó cos PE m —sin 0 сов 5, ^ = віп z? 
and pel ct РЕР 
mpi di үт jdm, dl’ 
ад "аб "9 аб ад "ад 
ћ н- (2) (ту (зу = 3+2 сов 0. 
жее т w) + 46) "Кад 4 
Again p=un=vm, g=vl—An, r=Am— ul, 


_14 ldm ldr 
Ређа 15k аб: заб 


Further p'—p(n-- dn) —v(m- dm), 4 = (L- db) — A(n + dn), 
т = А(т-+ dm) — (1+ dl). | 
pic 24-ы. dies a 8, "== lm. 46, 








* The result that the line of striction lies іп the plane 2y+s=0 ів " Contained us 
an example in Frost's Solid Geometry. 
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equations (1) and (2) are equivalent to 


dl | dm , dn 
(2 – а сов 0) sat ус sin 0-05 2-9. 


(w—a cos0 а sin 0. dé) (Fw і а) + (у-а віп д—а сов 0. 40) 


dm dn 
z х (2 im. ab) + (25 и» а) 0 


or to (х — а сов 0) T (уа ein 6) trO 
di dm 
PT e б. 16 ад, 


Thus the co-ordinates (ш, у, є) of the point in which the line ої stric- 
tion outs the generator 0 are given by 


(2-а сов 6) 1+ (y - а sin бут en— “(аш 8. 


2 – а сов 8 у-а ain 0 
і т 





5 
т 


Же а 2444 dm 
(2-а сов 6) l+ (y~a віп 0) m+ sh vy ( sin $7 7909 945) 70. 


From these three equations, it follows that 


22-4 сов 6 | asing _ 2asin 0 
8-39 сов 0" У 342co0' 377 852 cond’ 


and therefore that ду -- 2— 0. 
Hence all points on the line of striction satisfy the two equations : 
ду +a=0. 
у (208 + y? + 28 — a3) — дай + yh + ie 
Since the plane 2y+z=0 passes through the initial generator, the 


line of striction is the conic in which tha Möbius Surface is cut by the 
plane 2y 4 2—0. 


By 8 8, the equation of this conio referred to axes in its plane is 
ба? d уз + daa ~ а ==) 


25 дам y? 
ог sal» +5) +а=1. 


Referred to the original axes of the surface, it is an ellipse whose 


Қ й 2a i 
centre is at the point (- T 0, 0) on the initial generator. The major 


semi-axis is perpendicular to the initial generator and of length a; the 


minor semi-axes is parallel to the initial generator and of length + | 
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18. Curvature of the Möbius Surface. 

Let u be the distance of any point on the generator 0 from the foot 
of that generator, where it intersects the guiding circle, and let (и, 6) be 
regarded aa the co-ordinates of any point on the surface. Then it will be 
found that the principal radii of curvature are the roots of the following 


equation in p: 


atpt—dp sin 5 [ ve (545: негі $+ (atu md | 
2 2 2 2 
0 ої 
= 8 gin? — с = 
4+ sin s+ (ate cos 5) | 0. 


The differential equation of the lines of curvature is 


adus +2 cin 5 Ee (e+uoos5) | awao—[ аз (2+ асов 5) | 


x а40%--0. 
The curves of inflexion are 
40-0 


ади+ LE (ats сов 5) | віп 2 .40=0, 


The infinitesimal аго of any curve drawn on the surface is given by 


X 
- аа-аа вач (2+ сов 3) је. 


The curve w=c, where c is constant and < а, is a re-entrant curve 
traced on в tore, and can be regarded as the line-boundary of a Mébius 


Ring (see § 1). 


19. The Mobius Oone. 
When the radius of the guiding circle becomes infinitely small, the 
Mobius Surface becomes the cone whose equation is 


ф = (у —28) (а фу“) +y =0 ог (1) 
y = аб(Зу — s) + Qy%(y +2) =0 (2) 
according as the first or second set of axes is employed. 
The sections of (1) by planes parallel to the co-ordinate -planes, and 
by any plane, are as follows :— 
Sectron by m —k. 
y(y —2)* + (у — 2s) —0. 
The asymptotes are у=0, y-e=+k. 
The curve is.symmetrical about the origin, 


i 
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There ів a point of inflexion at the-origin, the tangent there being 





y — 2s =0. | 
Тһе generator 0 meets the section where 
yok tan 0, | 
0 Е 6 
z—k sec 6 tan 3" Ironi" 
Section by y =k. 


2225 — k (a3 + 28) + 2532 — 1920. 
There is & node at the point 20, s=k. 


There is one finite asymptote d 


The curve is symmetrical about the z-azis. 
If the double point were origin, the equation would be 
alg + h(a — 29) = 0, 
The generator 0 meets the section where 
=k cot 0, 
6 k 
z=k cosec 6 tan азір?” 
Tf the double point is origin, then 
æ=k cot 0, 
22225 
1 + вео 0” 
Section by gk. 
(y — 2k) (a8 +y?) + Ву =0. 
There ін a node at the point e=0, y=k. 
There is only one real asymptote, y= 2k, 


The curve ів symmetrical about the y-amie. % 


The maximum and minimum values of y are 2k and 0, and the 
curve lies entirely between the two lines y=0, y= 2k. 


Tf the origin were transferred to the double point, the equation 
would be 
у (ж + у) — Ка? — уз) = 0. 
The generator 0 meets the section where 


а= Е cos 0 саев cot 0 (14 соз 0) 
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penne cot = (1-4 оов 6) 
If the double point is origin, then 


æ= k сов б oot S, 


yk сов 6. 
Section by læ + ту +ns—p=0. 


If the origin is the point of intersection of the plane and the 
direct axis, and if the axis ої æ is taken perpendicular to the 
direct axis, the equation of the section is 


n? [Газ — (mn + 203) азы + ley’ = (mn + 2п%03)у?] 
-2npk [2—89 раа - may) =0, 


where Е=]—па, 
The co-ordinates of the double point are then 


fd EEE ы 
у- k n(m +n)’ 


Б mcn! 





If the origin is transferred to the double point, the equation 
becomes 


Fk (m+n). [128 — (mn + ЗА8 ау + lay®— (mni + Опа зуб | 
+p. [+ т)а = (#3 + mn—nl)y ] Га —m)e ~ (k? + mn +nl)y ] = 0), 
If the origin is the foot of the perpendicular from the centre of 
the guiding circle on to the plane, and the c-axis is the straight 
line in the plane perpendicular to the direct axis, the equation 
of the section ів ^' 
la? — (mn + 209) oy {шуй — (mn + Ande?) y8 
+ k(m —2n) . фай+ (вт nk? — 253) р. у 
+ lpia + (doth? — 206 — mn) . phy + b(m Әп) . реза0, 
The co-ordinates of the double point are then 
р 1 р Kamn 


eek mca! Vk (mtn) 





The generator 0 cuts the plane where 


(l ніп 8 — m сов 0) con 5 
а ae 5 
(1 сов 6 + т вір 0) сов zt” sin 5 
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— (1 соз + т sin 0). п cos 2 +18 sin Ê 
k. ttt ig 


на уча 


(1 сов 6 + m віп 0) cosita ва 6 


The sections of (2) by planes parallel to the co-ordinate planes, and 
by any plane аге as follows :— 
Section by a=k. 
2y* (y + =) +h. (By - 2) =0. 
The asymptotes are у+5=0, y= +5 . 
The curve is symmetrical about the origin. 
There is a point of inflexion at the origin, the tangent there being 





Зу-2-0. 
The equation of the generator 0 referred to the axes used іп (2) 
ін - 
A соні 
БЕТТ. сов а (2+ cos б) sin Ê ; 
| 2 2 2 2 


Hence the generator 0 cuts the seotion where 
ЈЕ 6 
a/ ду =k tan 5 | 
«уағы Ма tan 0-- tan 5) . 
Seotion by у= К. 
thy — Bkz? — 219 — 23 = 0. 
The пода is at infinity on the z-axis. 
The asymptotes are z=83k, = + «бі. 
The curve is symmetrical about the z-amis. 


The curve has real points for all values of #, and for all values 
of в except those between -k and + 3k. 


If the origin were transferred to the point (0;—k), the equation 
would assume the simple form 


Ay — dka? — Dig = 0, 
The generator 6 cuts the section where 


а= /Bk ots | 


z=k(2 sec 04-1). 
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If the vertex (0,— X) is origin, then 


a=n/2 k 4 
a= 2k(1 + seo б), 
Section by s= Е. 
у(3а + дуб) — Е(а% — дуб) = 0. 


There is а node at the origin. 


There is only one real asymptote, у-< . 


The curve is symmetrical about the y-awis. 


Tt lies entirely between the two lines y= — k, y= +5. 


The generator 0 cuts the curve where 


a/ 2k 
oaae 
2 tan 0--бап - 
2 
k 


I= 26-і” 
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The forms of these various sections of the Möbius Cone are shown in 


Plates ХІУ--ХҮТТІ, 


A кни п ця 





The Equation of Digits: 


Being an Elementary Application of a Principle of 
Numerical Grouping to the Solution of 
Numerical Equations, 


By Pror. Brasenpranata BEAL. 


It is easy to see that the fundamental operations of arithmetic are 
of the nature of equations. When we are required to add two numbers, 
e.g., 81 and 85, the equation may be represented thus: 31 + 85=a, or better 
“(0.108 +3.10+1)+(0.109+8.10+5) -4,.10%--4,.10--4, where ds, 4), 
d, are each «10. Here, by equation of corresponding digits, dy=1+5=6, ^ 
d,=8+8=11, where 1 stands for 1 ten .. d=1; and 4,=0+0+1; 
7. 81+ 85 =116. 

In the above example, we proceed to solve the equation by the 
method of equating corresponding digits, from the end-digit backward, If 
desired, we can reverse the order, and proceed from the beginning. 
For example, 4,=0+0+1, 4,=8+8=4, dj- 145-6 „. 31-85 116. 

The operation of subtraction, of course, adds nothing new. 

Take a case of multiplication : 31 x 85. 


Here (8.10--1)(8.10--5)--....4,.10%-4,.10%--4,.10%--4,.10--а; 
.. by equation of corresponding digits, dj— 1.55; 4=8.5+8.1=88 
“да =8; dy 8.849220, 7. ду=6; and 4,=8; 2. 91x 85=2635. Here 
we proceed to equate the corresponding digits from the end backward. 
But we could easily reverse the order. ! 

The ordinary method of numerical division also proceeds tentatively 
by equating digits, but from the beginning forward. Owing to this latter 
circumstance the process is supposed to be based on quantitative equiva- 

“lence, though nothing more than the, formal identity of digits need be 
implied. If we reverse the order and proceed from the end-digit back- 
ward, as will be done in this paper, all implications of quantitative 
equivalence are put out of court, and we consider the numbers gua numbers, 
and not gua quantities, 


100 BRAJESDRANATH SBAL. 


The present paper then proceeds to ‘solve numerical equations in this 
wider sense by the method of equating corresponding digits, and it will be 
shown that ultimately the equation of digits is based on the fact that 
integral numbers may be so arranged as to fall into certain natural groups. 
I will illustrate the principle of this numerical zrouping by applying it 
to the solution of the following numerical problems: (1) numerical division, 
(2) recurring decimals, (3) extraction of square roots, and (4) the solu- 
tion of numerical equations of any degree to any required degree of approx- 
imation. 

NowerioaL Division. 


First, we assume the divisor to be a number prime to 10, the radix 
of the scale of notation employed 
Put the divisor in the form 
p LOP a, 10971 + „а. 10 a; . 10+ ag, 109 
where ар, бр 1 dp are each <10 М 
As the divisor ia prime to 10, a, is also prime to 10. 
Let the dividend be 
d,.10*4 d, 4. 1077 4+... 43.108 +d, 208+ d, . 101 +d, . 109 
where 4,, 4,1, ...dy аге each < 10. 
First assume the dividend to be an exact multiple of the divisor. ` 
Put the quotient in the form 
Im.10™ + 1m —1 . 10-14... + да . 108 +9). 101 +g. 109 
4%, Чт —1,...др are each < 10 
(а,.107-а, 1. 10271 +... } ag. 108 +a) .10+ а) 


where 


(Gea. 107-95 21, 10714... + gg. 108+ 4. 10+ g0) 
=d, . 10" 4d, , . 1077. d, 1024 d, .10 + ds. 

Now equate the digits on either side, beginning with the end-digits 

(ї.в., the units).- 
ауд must be a number ending with the digit d, in the scale of 

10. Here а, and dy аге known. ~^ 

Now ag being prime to 10, there is only one value of qj which satisfies 
this condition. Thus gq is found. 

Now equate the digits in the place of 10. 

On the left hand, we have (a).¢,+ aj. q5) . 10+ ag gos omitting 
higher powers of 10; and on the right hand 4,.104-4,, making the same 
omission, А 
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"|. the end digit of a, ГИ + the ‘end digit of a, до + the digit in the 
‘place of 10 in a, д, ends with a digit equal to d}. 


_ * From which q, can be at once determined, as dj, щу ад and gg are 


known. . 

Similarly, equate the digits in the place of 10%. 

Comparing (gg + ар" : a1 + go « а) «10? + (g1 -ao go а) - 10 + qo а 
on the left hand with d. 109.L'd,.10 +d) on the right, we find that 
the end digit in 4,. а) + the end digit in (g, а) + Чо a3) + the digit in the 
place of 10 in (фу ар qo 41) ends with a digit equal to ds. 

From which Ф can be determined, ая the other quantities are known. 

Proceeding in this way, we get the quotient | 


4,1074, ,. 10775... +48: 108.109. 


It will be seen that go, 9, Фу qg.. -are each found from an indetermi- 
nate equation of the first degree, which gives only one value of the root 
less than 10, ~ 

The ordinary method of division is supposed to proceed on the —— 


ciple of successively finding the nearest multiple in descending powers 


` of 10; in other words, it is held to be a method of sharing or apportion- 


ing a given quantity in equal parts, and this is done by successive 
approximation. The method here given proceeds on a different basis 


altogether, viz., the properties of numbers and their successive group- 


ings with reference to the radix of the scale of notation, groupings which 
give rise бо a succession of indeterminate equations in the first degree, 
admitting each of one solution under the condition that the root must be 
less than the radix of the soale of notation. Here a number is not treated 
as a quantity composed of equal Sune but ав а group composed of 
groups. 

Taking the decimal scale of або the fundamental fact at the 
bottom of the process, eis, the grouping of numbers prime to 10 (the 
radix of the scale) with reference-to this radix, is illustrated below :— 


Take numbera with the end-digits "4, 2, 8, 4 5, 6, 7, 8, 9,0 
Divide by 1, the end-digits of the quotienta axe 1 2 8 45 6 7 8.9 0 
"PISIS 
aee Fp ані дело сайы Be 6, Ө, 8, Б, 8, 1, 4, 7, 0 
Н D, 8, 7, б, 5, À 8, 9,1,0 
For divisor 1, the end-digits increase by 1; for divisor 9, they 
decrease by 1. s 
For divisor 8, the end-digits decrease by 8; for divisor 7; they 
increase by 3. 
Here 1+9=10 (the radix) ; also 3+7=10. 


+ 
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Numerical examples :— 
Divide 4394 by 13. 3 
Write the quotient thus сн dde 108+ да · 10? + ад) · 10+ 
2. (1.10+9)(... +98. 108+ а; . 109 + а) .10+9) 
=4, 10948 ,109+9.10+% 
2. the end digit of 8, is 4 
2. 90= 8. 
Now compare (g;. 34-49. 1). 10+ За and 9.10+4. 


Taking the tens on either side, and remembering that 3.90(= 24) 
contains 2 tens, 


q1- 3+ 4). 1+2 has 9 for its end digit 
i.e, g,.3+10 ends in 9 
5.6., 41,8 ands in 9 
"478. 
Now compare (4%.8--4,.1).10%--(4,.8--4).1).10--84, and 394, > 
Taking the hundreds on either side, and remembering that 
(qi: 3 +q. 1). 10= 170, 
qs. 3+9,.1+1 has 8 for its end digit 
1.6.) dg. 9-9. 1+1 ends in 3 
г. 98: d+4 enda іп 8 
i.e., Ча З ends in 9 
ге 478. 
Next compare (q,.3 + 0. 1). 105 + (4,.8--4,.1).10%-- (41.8 + 
9:1). 10 +39, and 4894, and take the thousands on either side. 
2. ад -3+3+1 ends in 4 


> 0. 
By inspection, q,=0, 9;=0, and во on 
4394, 
жусан 338. 
Abbreviating the process, we may put it thus :— 
Б 1844 39 g@ 40 (puxa, where p, u, 7, а, are 
07 3 31 g digits in the quotient, 


Proceed thus :— 
3. a=b4% wherefore a=8, and b=2 
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is 8.8 = 24), where $4 stands for 2, 10--4 
1.8 + 8=10 
10-3.а-у 990 -** - 
wherefore 9.2 ends іп 9, and accordingly s=8; n y=] 
£e, 1048.98 =1 9 
1.8%+1=4 
4+8.ч= 23%, 
wherefore 3 . ends іп 9, and accordingly #=8; ~. o=1 
te, 443. 801518 
1.3 + 1=4 
44+3.p= q 4, 
wherefore 3. p ends іп 0, and accordingly р=0; 2,4-0 
5 ie, 443.0% = 64 
"г. the quotient is 07 3" 3" 9', i5, 338. 
Divide 4394971 by 87 
Мир 49 99 49 99 709 10 (ставриха 
о" 1% зх gY т" g g 
Неге Z.a=bl ,а-9, b=2 
ie, 2.315310 
2.314-2—11 
11%7.ш-у 7 
wherefore 7.0 ends іп 6. ., e=8, and y=6 
їв. 11-7 .88 =607 
à: 83.-6—30 
804+7.u=0 99, 
wherefore 7.u ends in 9; .. u— 7, and о=7 
ie, 30 + 7.719909. · 
2. 74+ 7 = 28 
28+7.p=q 4%, 
wherefore 7.p ends in 6. .. p=8 апа 4-8 
i, 284.7. 8" 640 ) 
3.8" 48-92 
824-7 s- £98, 
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wherefore 7s ends in T. .'. в=1 and фо З 
ie, 8247.17 = 599 
3.17 +8=6 
6+7 . тай 89, 
wherefore 7.m ends іп 7. .. m=1 and n=l 
ien, 647.1" = 43° 
3.1" 4i-4 
441 .с=а 40, 
wherefore 7.c=0 ;. c=0, 4-0 
£6, 44 1.0 8 50 40 
2. the quotient is 0" 1° 1" 87 y™ g" 8, ie., 118783. 
Divide 253259225 by 317 
Í 817258259225 


000798925. 
7.9 = 85 
1.543 = 8 
847.2! = 99 
3.5+1.2+2 = 19 
19+7,9# — 82 
8.92--1.9-8 = 28 
287.8" = 79 


8.9--1.8--7 = 42 
4247.9" =105 
3.8+1.9-+10 = 43 
4347.7" = 92 
3,9+1.7+9 = 43 
48.7.0 = 48 
3.7+1.0+4 = 25 
2547.07 = % 
8.041.042 2 
the quotient — 798995. 


Next take dividends which are not exact multiples of the divisor. 
Here the quotient as well as the remainder have to be found. 
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. Take an example :— 


87 [4301 
16 | 4443 
Proceed aa before 
7.3 = д1 
3.342 = 11 
11+7.4" = 39 
8,4-8 = 15 
1547.4 = 48 
. 8.4+4 = 16 
1647.4" = 44 
8.444 = 16 


Call 16 the outstanding number. 
Add 1 to the dividend, and divide by 37 as before 
37 | 4392. 
27 | 7416 
Here 27 is the outstanding number. 
Add 1 again to this dividend, and divide as before 
87 | 4393 
1 | 0389 
Again 
87 | 4394 
12 | 3362 ' 

The outstanding numbers аге 16, 27, 1, 12, ...... 

The numbers are in А, P. the common difference being 11, but as 
soon ая a term becomes > 37 (the divisor), 37 is deducted. 

Similarly, 4443, 7416, 0389, 3362...... are in А. P. the common differ- 
ence being 2973; but as soon as a term becomes >10% (there being 4 
digits in the dividend), 10% is’deducted. 

Now as soon as the outstanding number becomes 0, the dividend will 
be an exaot multiple of the divisor. 

г. if 16-4 115 — 87m, 4891+ will be an exact multiple of 87. 

The equation 164+11n=37m has to be solved by trial, without re- 
sorting to ordinary division. Where this cannot be done, the process is 
of no practical use, however interesting from a theoretical point of view. 

Here m=4, n=12. 

-. i$ 12 be added to 4391, the outstanding number will be 0, and 


106 У ВРАЈЕКРВАМАТЕ Seat. 


the quotient will be 
4443 + 12 . 2978 — 104. m — 4448 + 12. 2978 — 10%. 4=119 


4391 12 25 
Р “7 2119-- 185%. 
Divide 4391 by 13 
18 | 4891 
111107 
8.7 =21 | | 
1.749 = 9 
9+8.0 = 9 
1.0+0 = 0 
043.1 = 8 
1.1+0 = 1 
1+8.) = 4 
1.1+0 = 1 


Here 1 is the outstanding number 
Add 1 to the dividend 


18 | 4392 
| 5 p 
Here 5 is the outstanding number 
Add 1 again 13 | 4393 
9 | 7261 


Here 9 is the outstanding number. 
Now it will be observed that 1, 5, 9,...are in А.Р. 
Also 1107, 4184, 7261...are in А.Р. 


As we go on adding unity to the dividend, the outstanding number 
increases or decreases in А.Р. But the outstanding number can never be .. 
greater than the divisor. When therefore in the increasing А.Р. a term 
becomes equal to the divisor, the outstanding number is 0; in other words, 
the dividend is an exact multiple of the divisor. Similarly when, for any 
value of n, the nth term of the А.Р. becomes a multiple of the divisor, 
the outstanding number is then 0; in other words, the dividend then is 
an exact multiple of the divisor. In a decreasing A.P., if we reach 0, we 
get an exact multiple. If the ntt term is negative, and a multiple of the 
divisor, then also the outstanding number is 0, s.e., for that value of n, 
the dividend is an exact multiple. 

In the above case, 1, 5, 9,...are in increasing А.Р. The next term 
is 18, which is equal to the divisor. "Therefore, by adding 8 to the divi- 
dend 4391, we get an exact multiple of 19. 
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13 | 4894 e- | 
0 [0388 ' 
. 4891 
718 


Now 
10 
Or thus :— 
Take the А.Р. 1107, 4184, 7261,...... 


та The common difference is 8077. 
The next term >: 7961 + 8077 = 10388, 


Deduct 10% (there being 4 digits in the dividend) from 10838, and 
> you get the quotient 338. 


4894 

елп = 888 
4891 10 
15 597 + 18 


Haplanation of the Process and Investigation of the Common Differences. 


Consider the following :— 7 а 
7 | 4391 
16 | 4448 
7 | 4399 
7 | 7416 
4893 
1| 0389 
The first operation means | 87x 4443--164391 
The second 5 87x 7416 = 274392 
The third " 87x 389-- 14893 
ог 37 х 10389 = 884393 ‘ 


By subtraction of any of the above from the next succeeding, 
37 x 2978 = 11,0001 


- 


0001 

11 | 2978 
It follows from this that if the divisor be 37, and the dividend contain 4 
digits, the addition of 1 (t.¢., 0001) to the dividend will always increase 


the outstanding number by 11, and the corresponding quotient by 2973. 
Now consider 


37} 1 87 | 01 871001 37 | 0001 
119%. 27 |78” 36 |978” 11 |9978 
а 87 | 000001 37 | 0000001 
7 | 78918 " 36 | 972973 ° 11 [9972973 ` 
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The common differences of the outstanding numbers, therefore, recur 
cyclically, as we go on increasing the number of digits in the dividend 
by 1 (whatever be the divisor); the common differences of the correspond- 
ing quotients, written in the reverse order, obey a law of recurrence 
analogous to that ої recurring decimals. For example, with 37 as divisor, 
the common differences of the outstanding numbers are 11, 27, 36; 11, 27, 
36; 11, 27, 86; and во on, as the number of digits in the dividend be- 
comes 1, 2,3; 4, 5. 6; 7, 8, 9; and во оп. For 8%+ 1 digits in the divi- 
dend, the common difference is 11; for 3n+2 digits, 27; for Зп digits, 36.” 
The quotients’ difference written in the reverse order will stand thus :— 
8799, there being as many digits es there are in the dividend. It will be 
seen that the ratio of the common difference of the corresponding quotients 
to that of the outstanding numbers approaches continually to the limit 
a omitting the ċecimal point after reducing the fraction to decimals. 

The тій operation will mean 

87 x | 4443 + (r—1) . 2973 ] = {16+ (r—1) 11 }. 1044 4891 + (r—1) 
Now give т the lowest value for which 16+ (r—1).11 is a multiple of 87. 
Let 16+ (r—1).11—87: 


z 37 { 4443 + (r—1) . 2973 | 376.10 4891 + (r— 1) 








4391 - 
ae 1) 44434 (r—1) .9973--і.10% an integer 
4391 r—1 

"u = = $48 4 (7—1) . 2978 —1. 10%— 37" 


From the equation 16+ (r—1).11— 371, the lowest value of ғ — 1 is 12 
and then 2-4 


4901 19 19 25 
n = 4448 412. 2975 —4 ,10%—===119—2-=118+2. 
47. %12.9975-4.10-2-М9-:2- 18 т 


г. the quotient is 118, and tha remainder 25. 


To explain why the outstanding numbers as well as the correspond- 
ing quotients are in A.P., consider the operations :— 


37 | 4391 87 | 4892 87 | 4393 

16 | 4445 97 |7416 1| 0889 
Та the first case, we require a multiple of 7, which has 1 for its end- 
digit ; in the second case, a multiple of 7, which has 2 for its end-digit ; 
in the third case, a multiple of 7, which has 8 for its end-digit. Tho 
multipliers are 3, б, 9 which are in A.P., and the multiples required are 
21, 42, 63, which are also іп A.P., and the digits in the place of 10 are 
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necessarily in A.P. Then we multiply 3, 6, 9 each by 8, and add the 
digits 2, 4, 6, respectively; the resulting numbers must bein A.P. These 
are now deducted from the same number 9, and the differences must be in 
A.P. These differences form the end digits of fresh multiples of 7, which 
have to be found. The multipliers must therefore be in A.P. As wa 
proceed in this way, the quotients as well as the outstanding numbers 
must be in A.P. 
Now knowing beforehand that the outstanding numbers as well as 
‘the quotients must be in A.P., we need not actually compute more than 
` 9 terms, thus :— 
- 37 | 4391 37 | 4392 
16 | 4443 27 | 7416 


Hence the next outstanding number must be 27+11=38, and the 
quotient 7416 + 2978 = 10389; thus :— 
37 | 4393 
38 | 10389 
Deducting 97 and 10% respectively from the outstanding number and 
the quotient, we have 











87 | 4393 
1 | 0839 

37 | 4391+n 
16 +115 | 4448 --п. 2973 


Here if 16+ 11» be a multiple of 87, 4391 +» will be an exact mul- 
tiple of 37. 
Let 16 + lln = 37m. Where n < 37, and т < ll, Putting 
37=8.11+4, we have 4m=16. .. m=4, n=12. 


Let the dividend be 4391 + п, where п < 37, then 





222287 | 4391412 | | | 87| 4391412 
7x4] 40119 ' 5% о [0019 
4891 12 95 
То shew that 37 divided by 11 leaves 4 as remainder :— 
Consider 1 |37. 11 |36. | 
7| 67° 8 | 76 


.. the common difference of the outstanding numbers is 1. 
г. if 7+l.r be divisible by 11, r will be the remainder left when 
87 is divided by 11. 
Put 7+1.r=11 
we r=4, 
and 37=3.11 44. 
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The following process is more successful, but it introduces considera- 
tions of greater and Jess, and proceeds from the left to the right as in 
ordinary division :— 


Now consider the following :— 
87 | 0, 0, d; d, 
16|e ot д" дї 
Here Зай" must not be > 16; also 327 + the digit in place of 10 
in 721" must not be > 16. ч 


г. the greatest value of Ж” is 4. Woe take the maximum values of 
aY g æ and 2! and the minimum values of d, and 4. 





Now proceed thus :— 


8.2" 4 ғ =16 ^om —4" and гү=% 
7.4" 419230, a" —4" 
8.2! туз 19 л a" 29! and тұ-9 
7,84. 9-30, gll gh 
8.2 + Кы” 2. a9 and тео З 
7.9 + „da .. =>, d,=2, and r,=18 
3 i Ах EN. 1 * 
.9 + r6—18 “а = 5 and r,=8 
Жы шт Gee ee 
7.5 + 0-85, æ = 5, d=5, 


To determine сії: 81 +...=19 ,, the greatest value of 2:11! =8. 
To determine stt: 828 +..= 9  .. the greatest value of si —2. 
To determine d: 7.27 +,..=84,. Here we have to take the lowest 
value of d,. 
If d,=0, 7.2+16=80, Әті--ғ,--16, 7гі--0--10е--4), no solution. 
Next take dj—1l, 7.2417-31, 30!+7,=17, 7at!+0=10r,+d,, no 
solution, 
Next take 4,=1, 7.$+18=82, Set4r,=18, 7eti0=10r,+d,, here 
by trial 21—5, r,=3, 4=5. 
37 | 0025 
n» 16 4325 UD 
From (I) 87 x 4443 = 164891 
From (II) 87 x 4325 = 160025 
By subtraction 37 x 118— 4391 —25 
4891 25 


uw = 118 – 59: 
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Or proceed thus :— 
аза, dy 
2. Olst gi 
where 4,4, > 91—37. This gives d,=6, эш 21-1, and 21-8 


‚ 4391 
ти ae ліва = 


This method will succeed in every case, 

Now take divisors which are not prime to 10, but are prime to 5; 
4.6, which are divisible by 2, but not by 5. 

First let the dividend be an exact multiple of the divisor. 





Take the end-digits | 2 4 6 8 0 
Divide by 2, the end-digite are | 1, 6; | 2,7; | 3,8; | 4,9; | 5,0 
Divide by 4, the end-digits аге | 3,8; | 1,6; | 4,9; | 9,7; | 0,5 
Divide by 6, the end-digits аге | 9,7; | 4,9; | 1,6; | 8,8; | 5,0 
Divide by 8, the end digits аге | 4,9; | 3,8; | 2,7; | 1,6; | 0, 5 


For any given divisor and dividend, there are two possible end-digits 
of the quotient, the difference between the two being in every case 5 
When the end-digits of the dividend increase in А.Р. (в д., 2, 4, 6, 8, 0), 
while the divisor remains the same, the end-digits of the quotients form 
two series each іп А.Р. For example, the divisor being 2, the end-digits 
of the quotients are either 1, 2, 3, 4, 5, an А P. with 1 as common differ- 
ence, or 6, 7, 8, 9, 0, also an А.Р, with the same common difference. The 
divisor being 8 (which is complementary to 2 with reference to 10, the 
radix of the scale of notation employed), the end-digits of the quotients 
are either 4,8, 2, 1,0, an А.Р. with — 1 ав common difference, or 9, 8, 7, 6, 5, 
also ап А.Р. with the same common difference For the divisor 4, the 
end-digits are either 3, 1, 4, 2, 0, or 8, 6, 9,7,5; both in A P. with —2 
for common difference, it being observed that whenever in the first series 
there is a change of sign from + to —, 5 is added to the term to retain 
the positive sign, and whenever іп the second series a term becomes less 
than 5, 5 is added. Similarly for 6, which is complementary to 4, there 
are two АР. 8, each with 2 for common difference, 15 being observed that, 
whenever a term exceeds 5 in the first series or 10 in the second, 5 is de- 
ducted therefrom. 


Now divide 4216 by 34, 
Oonsider the operation | 34 |а" ot 1! gi 
x С 


Ta Ug 4% wy 
4. ау has 6 for ita end-digit 
'" © =4 or 9, 
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Let 2, 4 Let 2, =9 
4° 4 = 16 4.9—86 
3.4 1-13 8.9--8--4a, has 1 for ita end-digit, which ів im- 
18 + Фау has 1 for possible, 
its end-digit `. 2, cannot be 9. 








18. 4, haa 8 for its end-digit 
*. база За or 7. 
Геб аз= 23 |Lets,—7,; then 18+40,=41; 8.7,+4=25 
Then 18+40;=21 | 2542, has 2!!! for its end-digit, which is- 
“and 8.2,+2=8 impossible 





2. ву cannot be 7;. 





8+40, has 211 for its end-digit, їв, 4a, has 4 for its end-digit 
*. а, has lg ог 6, for its end-digit. 
Let =1,; then 8+4a,—12 
3.1,+1=4 
4--42, has 4" for its end-digit. ` 
ТЕ 4440, has 4” for its end-digit, e,—0, or 5,. 
if 2,0, 4+ 4ш „:=4, and the outstanding number ів 8. 0,—0. 
If m5, 44+4°0,—94, and the outstanding number is 3.5,+2=17. 


Thus we have found 


iv pill 4H iv oiii 41 ді 
34 | «т 2* 1* в! 34 |4" 9" 1" 6 
0, 1, 25 4 1715, 1, 2, 4 


£e, 84х194--4216 
й 34 x 5194174916 


The difference between the quent is 5000; that between the 
dividends, 170000, or 5000 x 34. 

A similar process will apply in other cases, where the dividend is an 
exact multiple of the divisor. 

Next let the divisor be a multiple of 5. 

Suppose the dividend to be an exact multiple of the divisor. 

First strike out the largest common number of zeros, if any, from the 
end-digits of the divisor and the dividend. If the new divisor is still 
divisible by 5, s.e., has 5 as the end-digit, then multiply both the new 
divisor and the new dividend by 2, and strike out one zero from the end 
of each. If the new divisor still has Б at the end, multiply both divisor 
and dividend by 2, and strike out one zero as before. Proceed in this way 
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until you find that the dividend does not end іп 5, t.e., is not divisible 
by 6. Then divide by the. process given in this paper. 

Divide 36895 by 235. 
235 х9--470. 36895 x 2== 73790, 
Now 47 | 7379 
0| 157 
the quotient is 157, 
Divide 51975 by 225. 


m 225 x 2 = 450. 51975 x 2= 103950, 
45 х9-- 90. 10895 x2== 20790, 

` Now 9 | 2079 

0) 231 


“. the quotient is 231. 


Gryzrat SOLUTION. 


General Solution.—Let the dividend be М, and the divisor, 2°. 5°. №, 
where N is prime to 10, and а and b, both or either, may be zero. 





Here dividend | MM мн 1 
divisor — 9*5 NW ON. (10)°*? N Ut 
b а 
Find out Шала. by the new process; suppose 
M.Ž. 5° 


В 
=Q ы» when E, « N. 





Tf the dividend is an exact om of the о ћ)=0. 
R 
EN 
za ЭЕ, 10757 zer N. 104% 


By ingpection find out the integer іп з , and also the fractional 





10 
remainder. 
Qi Iis +b 
Let ipe 9 tie where By < 10° 
М В, R Ry. У 
“. 9% Б? yog N IT · = 03+ N 10978 


where E,N + В, «М 109-2, 
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M BN+R, 1 (БМ +В) 98.5 
——— = Q, + ЛЬ LL. =, г +e 
99.5. N % MN pa Ф М.99 5 1097? 

4 
5 * . o? s 
. the quotient is Qs, and the remainder is o 
Divide 86899 by 235. | 
H 36899 868992 73798 73798 1 
i 2985 2352 ^ 470 ' 47 '10 
47|73798 47178799 
24 |52634 27159017 
24-+-38n=47m. Here п < 47, and m not» 9. Let m=8, then п = 39. 
'. 78798 4-39 is divisible by 47 
*. 78790 is divisible by 47 
47 | 793790 
1570 
73798 а 
.. алтай 1570 +27 
‚ 36899 2j 1 8 4 
7935 =(1570+ 2 = 157 – то 157 при 5 Зета 585 


*, the quotient is 157, and remainder 4. 
Recurring Decimals :— 
Let us consider the fraction = : 
First let М be prime to 10. 
, For 1 in the numerator, put 10000000...... 1. 


Піуіде e N, and you get the recurring decimal, 


Take 5 


000000001118 
11076998077 


1000000001 
18 


1: 177 
13 


= 76923077 


076998077 


+ 


== 476998. 
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Or better thus :—For 1 in the numerator, pub "99999999. 








Divide by N, and you get the recurring decimal. 0 
1 | 
Take 12 - 
eoo 999999 |18 
0|076923 
999999 
бв, —ig == 76928 
"999099 
^ i 076923 
E 1999999 999999... 976028 
13 
1 й 
Take 35 
7 999999999999 |37 
і 01027 
ES T l ог 
^ og Ж 
1 
Take үсү, For 1 put 899999... 


. 99991091181 


908396946564885496183206106870223 
099236641221874045801526717557251 
809160305343511450381679389312977 
: 0076335877862595410908478328244274 
Таза 17, 0076.........0229, the number of decimal places recur- 
ring being 130. ^ 
бо long as the divisor does not exceed 1000, mèg process here given is 


simpler and quicker than the ordinary process. 





Now take fractions of the form = where N is prime to 10. 


Take the fraction 2598 


18 
vw Then 
v 0000 4593 |13 
^ отоо авва" 


100004598 
13 
Е 1000045980000000 


ло пр = 769'26617 0000000 


- 76942661” 
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Again 
od 0¢0000001|18 
119769293077, 


є 


1000000001 


n ----76983077 
1000000000000001 76923076923077. 


Now by subtraction 769'2661'0000000 
769 2307 6993077. 
000 0353 8076993 й 


| s n = 
oe 90-1 3588073928. 





4593 
13 
Abbreviate the process as follows :— 

4593 

8^ 1 | 000000000000001 |11 00004593 | 13 
076923076923077 | 070926617 

07892307 | 6923077 

4598 





= 858 * 8076923... = 853 · 307699, 





‚ 52:858: 507699 00000353:] 83076923... 
олт 
Take = 
...00000000...........................0000795967 | 29 


зано 4137931)03448275862068965517241379'335723' 


when we get this zero the outstanding number ів 1. 
By subtraction 
* 034482 758620689655 17241379 ‘335723’ 00000C00000000000000000000000 
*0:44827386206-965517241379 810344 82758: 20689655 172413793 103448 
TT seme ee 000000001025378'17241379310344827686206890552 
73596 : : 
55 е 25878 · 17241379310344827 58620689655 





When the divisor is not prime to 10, proceed as follows:— -' oe 


To convert - into decimals, where М is not prime to 10. 


^ 


Suppose М=2". b^. M, where M ів prime to 10 











КЕ ЛЕН ИЕ 
N qiu uuo" M Су 
P. è ya 5 pa 1 
Convert е Р.а 5 


М into decimals ав before, and then вод 10875" 


з. > 
x 
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ExrRAOTION оғ tan Square Roor. 


First let the given number be a complete square. 
Let the number contain 3 or 4 digits, 
Таке the number 729. Тһе square root contains 2 digits. 
Put the square root thus:—d,.10+d, 
г. (di. 10 doy 729 
2. ду has 9 for its end-digit 


4% dy-3 or 7. 


Let ф=8. 
Compare 
2d, d, . 10 +4, and 2 in 729. 
Here dj 9; it contains no tens 
2. 940. 8+0 has 2 for its end- 


digit. 
2, Od, +0 has 2 for iis end-digit 
'". ф => or d,=7. 


Now compute; Now compute 
the hundreds and |the hundreds and 
the thousands in | the thousands iu 

d? . 10? + 2d, do. | d,*, 109 +2 d, d, . 


10r dg. 10 dg. 
Here Here 
d,=2, 4-3. феї, dj—8. 
The hundreds | „, d}. 108 +94, 
aro d, -10+ dg. 
4+1=5. =49.10 +43. 
The digit in ће! 10449, 


place of hundred | The hundreds 
-is 6, which is the [аге 9+4=18, 
outstanding num- | ùe., the digit in 
ber. | the place of hun- 
We require a |dred is 3, 

solution which! The digit in the 
will give 7 ав the | place of thousand 
outstanding num- jis 44-1— 5, 

ber in the расе | .* the outstand- 


of hundred. ing number is 53 
Here we find Here we find 
23°= 5, 29. 78: = 58, 29, 


Let 4-7. 
Compare 

24,4,.10--42, and 2 in 729. 
Hore dj? —49; it contains 4 tens, 
2. 24. 4, +4, or 14 4, + 4 has 2 

for its end-digit. 

~. 14 d, has 8 for its end-digit. 
г. d4 2 or 7. 


Let d, —2. Let dj—7. 

14 d, E4532. 14 d, - 4-102. 

The hundreds| Now 42-10 
are zx 49 + 10— 59 
494+8=44+8=7.| 2. the hundreds 

There are по | аге 9, and the 
thousands. thousands are 5. 

The outstand-| The outstanding 


ing number is 7. | number is 59. 


Here we find 
@%®=' 29, 


Here we find 
77* = 59, 29. 
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In other words, given that the square root contains 2 digits, and the 

square number ends in 29, we have 4 solutions and only 4:— 
23, 27, 78, "7. 

Here  28..77—100; also 27+73=100. Also 78--98--50, and 
77 —27 —50. 

These relations follow at once from the following groups :— 
End-digit of square number :— 1; | 4, | 9, | 6, | 5, | 0 
End-digit of square root 1,9|2,8|8, 7 | 4,615,51 0,0 

Here it will be seen that the sum of the two possible end-digits of 
the square root for the same end-digit in the square number = 10, 

We have also previously found that when the end-digit of the 
divisor is an even number, then for any given end-digit in the dividend, 
there are two possible end-digits of the quotient, and these two епд- Пра 
- differ from each other by 5, 

Now when the square root consists of two digits and is = 4,.10--,, 
we find d, from the end-digit of dj, and d, from the end-digit of 2 
dy.d,. Неге suppose d, to be other than 0 or 5. 

Thus 4, has two possible values, the sum of which is = 1); let the 
values be ғ, 10-- т. : 

And for each value of d, there are two possible values of Фу, the 
difference of which is б. ‘Let the values be у, y+5 for d,=a, and є, z +5 
for фо 10—«. 

Then the four solutions are 

y.10+a, 5.10 (10—2), (у--5).10--ә, (8+5). 10--(10—2). 

Now {#.10+(10—m)}*—(y.10+2)* will have zero in the place of 
unit as well as ten, because the two terminal digits of the squares are the 
same ; 

Єв. (22—17). 10° +86, 102 +10:— (930 +2ул +22). 10 has 0 in the 
place of ten. 

^. 2ea+2yo+2 а must end in 0; 
їв. 2u(y+2+1) has 0 for its end-digit, 











Now by supposition æ is neither 0 пог 5 
5n @(у+в+1) must end іп 0 
“. ytet+1 ends in 5 or 0. 
Now y and 2 are each less than 5, 
=. уља+1=5 
“ytd. 
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г. Hence if у.10--ш:-4,6.10--(10-ш):-50--.4,(у--5)"10--е 
=50+ 4, and (z +5). 10+ (10— 2) — 100 — А. 


Hence the four possible square roota are А, 560—4, 50--А, and 
100 — А in ascending order. 


Let Ву, By, By, B, be the corresponding outstanding numbers. These 
are algo in ascending order. 
Now (50 — 4)*— 43— (B,— Bj) . 100 
2. 50 (50—24) = (8; — Bj) . 100 
2. В,-Ву-925-А 
2. By=B,+(25—A). 


Again (504-4)? — 44— (B, — Bj) . 100 
| n В,—В;=25+.4 
2. By=B,+ (25+ A). 


Again (100— Ај — А?--(В,-В)).100 
7. В,-В,-<100--2А 
2. B,2B,4100—24 
.. the square roots are A, 50-- А, 50+ А and 100 — А, and the out- 
standing numbers аге Bj, Bj -- (25 — А), В,+(25+ А), B, + (100—2.4). 
Given a square number not divisible by 5, and consisting of three or 
four digits, we take the last two digits, and work ont the lowest possible 
square root for these two terminal digits by the process of numerical 
analysis given in this paper, as also the outstanding number for this root. 
We then get the other solutions (with the outstanding numbers) by the 
above formule. Or we can work out any one solution, and then if it is 
А < 50, the other solutions are 50— А, 50 + А and 100--4, If А> 90, the 
other solutions are 4--50, 100-- A, and 150 — А. 


Take the square number 1156. 
| . 56 | 34, 16 
84, 66 

4х4- 16; 
2 4.4,--1 ends in б 

ау = 8 or 8, 

One solution 94 Ix Ила case 2.4.4 +1:=25, and the outstand- 

ing number ія 94--%-- 1 


- 


190 BnRAJENDRANATH SEAL 


The other solutions are 50—34, 50 + 84, and 100 — 84. 

Arranged in ascending order, the solutions are 16, 34, 66 and 84. 

Taking B, to be the outstanding number for 16, that for 34 = B, + 
(95 — 4). 

г. Ву+25— А =11, where 4=16. .. B,-92, B,—11, B,—2.- 25-16 
=43 and B,-24100—2,16—70. Thus 16'—256, 348-1156; 66%= 
4356 ; and 848m 7056. 


If there are 5 or 6 digits in the square number, there are three digits 
in the square root. If we proceed by numerical analysis, any given end- 
digit in the square number other than 0 or 5 will give two solutions for 
the end-digit of the square root, Each of these two solutions again will 
give two solutions for any given digit in the place of ten in the square 
number, and soon. Ordinarily, therefore, for any given set of three termi- 
nal numbers, іп в square numbar consisting of 6 ог 6 digits, there will 
be 2х2х9, or 8 solutions possible. It will be found that this is the 
case, when the square number has an odd number for its end-digit, and the 
square root is therefore odd; in the case of even numbers only four solu- 
tions are possible. м 

In the саве of odd numbers not termmating in 5, the eight possible 
square roote for any given set of three terminal digits in a square number 
are A, 250-- А, 250 + 4, 500- А, 500--4, 750 —.4, 750 + А and 1000 — A, 
where 4 is the lowest root. 


The corresponding outstanding numbers will be B, B+} (125— A), . 


B+i (195-4), В--(950--А), В--(950--43, В+ў (875—A), B+} 
(875 + 4) and B+2 (500— 4). In the case of even numbers, the four 
solutions are A, 500 — 4, 500+.4, 1000 — А, А being the lowest; and the 
corresponding outstanding numbers willbe В, В + (250-- А), В + (250 + 4), 
and B+2 (500—4). 
For example 
... 129 | 128 378 698 873 
127 377 627 877 
1981-- 15,199; 197%-- 16,129; 379#=189,199; 377%--142,199;| 
628? = 338,129 ; 697%-- 393,129 ; 8731— 762,129 ; 877%--769,199, 


e. 876 | 124 624 
876 876 


1248— 15,376 ; 876%-- 141,876; 6242 —389,870 ; 8769 — 767,376. 
For numbers that are not perfect squares, the roota may be found by 
the application of the general method given in the following section. ` 
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NUMERICAL SOLUTIONS OF EQUATIONS OF ANY DEGREE, ҮГІН ONE 
UNKNOWN QUANTITY. 


The general method may be best indicated by taking an example, 
Solve the equation 
a + 43076560 = 5978549. 


Раб а=. 100 ЛО, .107 а ,. 107% d ,. 1077 


+a Q.107* +... 


4807656 —4.10'--3.105.-0. 105-7. 105-6. 103-5. 10-6 
5978549 — 5 . 10949. 105-7 , 103 -- 8. 109-5 , 109 - 4. 10-- 9. 
The coefficient of 109 is 4d, on the left-hand side and 0 on the right- 
hand side. 
7. ад n dy=0 
Put d,=0 in the expression for a, and equate the coefficient of 107 on 
either sides. 
2, А =0. — 2. d,=0, 
л @=dyt+d_,.107'+d_, 10760. 107° 42 ,. 107" 


+d y. 107% nearly. 


2. (htd y 10 +d_, e 10+... +0, · 107?) 

4-(4.10%--8,105--0.10%--7.10%--6.10%--5.10--6) 

(4-4 107144 07-4 107%-4 1075.2 1075) 
== 5978548 . 9999 , nearly. 

7. Фау. 1084+ (Bdy+4d_,) . 108+ (3d_,+4d_,) . 108+ (7d, +34_„+44_„), 
108+ (624-74 3d ,--4d ,).10*-- (54) +624_, +74_„+3а_,+4а_,).10+ 
(do + 6d, töd |--64 ,- 7d З ,--4d ).109 c (Зар. d , 64 1554,4 
6d Та 8d ,444 ,).10-1- (Sdyd?_,+8d,? ва Ба p +6d_,+ 
7d ,*9d ,%44 ,) . 10-34... 5978548 9999... 


For the coefficient of the highest power of 10 on the left-hand side, 
4.6., for the coefficient of 105, put св; for the coefficient of 105, put о, 


and во on. 
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Now equate the coefficients of 109 on either side, 

4d, + the digit in place of 10 in сь + the а іп ріасе ої 10% 
in 04+... = 5. 

> Ф==0 ог l; but dy cannot be 0, for c; in that case would be 4d , 
and therefore <36, i.e. the digit in the place of 10 in с; cannot ђе >3, 
and c, has no digit in the place ої 10% | 

'. до=1 

5—4d=1 c 

+, За) + 4d_, + the digit in place of 10 in с, + the digit in place of 
10? in e, +... =19 | 

. 4d, í + &o. =16 

“. d_,=3; ford, cannot be 2, for in that case 3d)+4d_,=11, and 
0,234 1-44 , which is «42, ie., the digit in the place of 10 in о, can- 
not ђе >4, and therefore 34) + 4d , + the digit in place of 10 in c, + &c., 
must be «19. 

d, being = 3, 19-34,-44 |-4 

“. 3d_,+4d_, + the digit in the рне of 10 in су + the digit in the 
place of 10% in 64 +... =47, 

г. за Q4 базовій 


< 


“. d_,=9 or less, but 4 , carnot be 9, for then 9d ,-4d ,- the digit 
in the place of 10 in св» 47. ? 

And d , cannot be 7, for then 94 1:44 „+ the digit in the place of 
10 in +... 447. 

4,28 / 45-94 1-44 ,-6, 

> 78, +38 „+ 4а_„+ the digit in the place of 10 in с, + the digit in 
the place of 100 in о +... —68. 

^ 4d, _ + ġo, =68—7—24=37, 

d ,7:9 or less. ~ * 

d_, cannot be 9 or 8, for then 7dy4 За ,4- Фо. would be > 68, and а, 
cannot be 6, for the 74, + 8d. ,-- &o. would Бе < 68. 

d 4=7. E 
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„. 6do+7d_,+3d_,+4d_,-+ the digit of 10 in с) + &o. —95. 
Ae 44 + &o, = 47, 
d , cannot ђе 11 ог 10. 
d ,—9. 


7. 54-64 1474 ,484 4d ,--біңі in place of 10 in 6) + digit in 
place of 100 in o „= 114 


4d t+ e. 14. 
d , cannot be 3 or 2 ог 1 
4а_„=0 


-5 
" dè + ба) +5а 1464 ,-- 7d ,-.-8d 1-44 ,- digit in place of 10 in 
¢_,+digit in place of 100 in 0 = 148. 
| Ad ,--%0.:-29 | 
d „== 
2. Od, d_,+6d_,+5d_,+ ба ,T7d 4 За 44d ,- digit in place of 10 
in ¢_,+ бо. = 219. 
“ 4d S Ac 4l 
d ,—5 
є. 34,5, %8%%4 ва ,554 ,%64 |574 ,-34.,--44 ,--4о.--219. 
e 4d „+ %е.=16 


"^ Ф--1:88790052... 
Similarly the other equations can be solved. 


In the above process, the principle of equating the digits from the 
end-digit backward has been abandoned ; and the numbers are dealt with 
as in the ordinary process of division, #.6., we proceed to equate the digits 
tentatively from the beginning. Ultimately, therefore, this method of 
numerical solution is based ап the same principle as Horner's. 

In this method, 4-1, d.s, d.s...need not be necessarily positive, If, 
in any case, the value given to d_, is just greater than it should be when 
the numerical value of the root is arranged in the decimal scale, the next 
digit 4-6,1) may be given а suitable negative value, and the process may 
be continued-asmbove. 

All the real positive roots may be found in this way. А negative 
root may be found by substituting —y for а. 

Іп actual working, the process can be easily abbreviated. 


On Rates of Variation of the Osculating Conic, 


Ву Syamapas МОКНОРАРНХАТА, 


1 If ТУ stand for (5): where ¢ is any independent variable, 


and Q,, for D's D'y— D'y Га, where ш and y are given functions of t, 
then the equation of the osculating conic at any point (a, у) of the corres- 
ponding plane curve may be written as 

((Y-94-(X-2)By 4 T((Y-y)Dz— (X ~e) Dy 


=180, 8 (7 - y) De - (X - о) Ду) 
where , À-8Q,D*&e—-QiDs В-«90,1Уу- а Dy 
Г--80;0,-50,-120); 9 
and the condition, that the osculating conic passes through six consecutive 
points, is A=0 where 
A =406 98 — 450 Qig Dig + IQ 06-900) Qis ба + 4501 а. 

These results have been elsewhere deduced from first principles. 
(Vide—* A General Theory of Osculating Conics,” Journal, Astatio Society 
of Bengal, Vol. ТУ, Nos, 4 and 10,1908.) The following method, however, 
is more general. 

Tf (2, y) be any given point of the plane curve and (X, Y) any other 
point on it, the corresponding values of the independent variable being і 
and ¢+7, then 


X-s-D».rtgi Dis ed Р . 55 + фо. 


Y-y-Dy.r*g; Dy. eg; Dy 18 4- фо, 


Therefore, (Х-у)Да- (X —2)Dy 
`l 1 1 1 
шш 81 Qi; T? + тзт + 21 Qut gjQu7 T &c. 
and : (Y—y)Dio— (X -- а) Ду 


1 1 1 
= — Оз та Өт + Zi ит + gi Gast + жо. 


thy 
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whence it is shewn 
{(¥-y)4~(X- чо-он атш 
-18 Qy°{ (Y~y)De—(Z~a)Dy} = -gő ic Qu Art. 


Hence (apie ТАТ 
– 18938 (7—5) 0а (Х-а)ру}=0 
meets the given curve at five consecutive points at (ғ, y), determined 
by 15-0. If, however, 4=0, then 78=0, and the point (2, y) is a 
sextactic point on the given curve, 
2. If & т be the co-ordinates of the centre of the osculating conic 
at (a, y), then it is easily shewn 


_ „, 995 4 _ „4. 30В 
ё= а + т п= у +7 


To calculate Dé and Dy, we have 
DA-D(3Q, D'e— Q De) 
- --80, Оба + 20 з Da — (да + Qua) Do 
= 501 D'a— (403+ 6 ,) De 
Since Dz. во Та. Ср + D's . ев 





‘Therefore “ау” -508/г-(40, + Дара _ BAQ —— IDs 
Qu? Qu? 8 Qi 3 Qu! 





іш (2. кс. | - 
Qs! E Qi 


Жалы m" 2898078705 А 
ди БЕСТЕ аты 


1 "MP ИТЕ 
Therefore, Пеш De+3D д. паза ді Оа Gu = ~ А 
Qu? (23) 
Similarly d Dy = ~ = 


If we call the locus'of (2, у) the curve of aberranoy, and с the 
arcual length of the curve of aberrancy; then 


% me 
ре = | сове (руу | = P 
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So that if A=0, then Do=0, a result upon which Dr. А. Mukhopadhyaya 
has based an elegant interpretation of the differential equation of the 
general conic, (Vide—Journal, Asiatic Society of Bengal, Vol. LVIII, 
part IL, page 185.) 

8. If a and b be Ше semi-axes of the osoulating conic, then it can 


be shewn that 
9705 TY-£4 
abe iN, 27 ( 5) 
гі Qu . 


Tt is hence evident that E is an invariant of the point (а, у), #.6., inde- 
Qis 

pendent of the particular independent variable ż, as also of the origin and 

direction of the axes of co-ordinates, 





; 3 r\-t_ г 27 ОА 
А Düabye wu 9]. = Фуат ЕС 
gain D(ab)- -5 | G $ ant Boat 
2, 
Therefore a- d 
Qis "Oy 
QU. 
в, 209, D(ab) {Da (Фу) _ d(ab) E 
Q 3 { (Da)? + (Руј ` Qi ds 


where s is &roual length, and р the radius of curvature of the given curve 
at (e, y). 
Hence ——— 





A = А | 
2а is ап invariant. Therefore also ——- is an invariant, 
дв і Qis 
Again if r and r, denote two conjugate semi-diameters of the oscu- 
. lating conic of whioh т. passes through the point of contact, then 
A? + В? 


| At + Be + 
m= (бо w) + (а-у) = 902. Tu = 9 Q? 


- TX 
= a3) 


“ 





РА 


; з 
Hence we see that ~ = 
P 0, 


e 4 


Ibi is suy chown from the equation of- the osculating conic that 
А? + В? „ (0а)? + Curt 
Із r 





is also an invariant of the point (e, y). 





вові ті = 90) 
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where ЈЕ ін the radius of the director circle of the osculating conic, 
24 (Dy 
Therefore rê 90. сре + (руу 


То caloulate D(r*) and D(+,*), 




















we һауе р + _ ЗГ(АЮез BIY) — 270 
m 39; ТЫ 
where ADs+BDy = 0. d 7 is evidently au invariant, 
18 
Also peor а; | 
да — 39 
Since p= f and D 208 MUN 
| Әһ? 393 39, 
We have, therefore, 
( A9 + Bà 
Qe? 0 At + ps 
ТЫР 
(Day + (ру)? Я 
% з 
D(r$)«9D. — JS 260. (5- в, a) 
ду“ 


Therefore (62) =D(r*) + D(r,*) = — 603 жан, еу E UP da 


Ts 214 
4, 1 0 be the angle which an axis of the osculating conic makes 
with the s—axis, then it is easily seen that 


2AB+ 2PDzDy M 








tan 20= оре рај (Dy N 
where 
2AB--2TDaDy 48-- Ва 4 T{ (Dz)? — (Дуда) 
M= өті и 
да ди“ 
To calculate D(@), we have 
D T 108 02+ ADy) py. SOFA DE 
да да Qs? - зд? 
Therefore DM S “Перу 


34 У 


/ 
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Аз Вз — 9T(ADz—BDyy 





Again D = с 
о” 30 У 
р (Феј – (Руј 2(4D2— BDy) 
Q* зды” 
Therefore | ру (Ра - Ффууја 
30 T 
NDM—~MDN NDM—MDN 
sothat | Діво 29 = or РАЦС есі, уя 
But хрм- мру => (4 ве) DeDy— АВ((Рә)- (DyY)] 
304% 
.2A(4 Dez BDy\(ADy—~BDz) — 240. 
SQ У "Жа 
wa ее Ht PTS (Dy aom 
да“ 
400 
Therefore D(6)= 0 
[(4* + B?) РИ Да)з- (Dy)®}] +40г 
0 42+ В%-Т (Паул - ( Dy)3l 
(0) - Baars noe 
But ae 30,8 
E —A0 
Therefore D(6)= Фа 
IQ f D Tå "44 Фр 


D6 becomes indeterminate, if O=0 and also p20 which are easily 
18 


shewn to be the conditions that the osculating conic is a circle. For it 
oan be shewn that 
00-58 
6 ET 


which shews that LIN has а minimum value when рО. 0, 


. b а Ө? 
Р а by e 
But since (2+2) =4+7-9 
where е is eccentricity of the зані conic, we conclude that 
pO 0 
дя 


ів the condition that the osoulating conic has minimum eccentricity. 


ч ~ > 3 be - 
NT о . n 


- 


~ 
GEM 
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T iai if 8 be the &ngle between the line of centres and normal to the 
carve, then evidently 


0 
tan Ӛӛ--- 
39, 


"во that 0—0 is the condition that 5 vanishes. 


It may be pointed ont here, in passing, that the apparent way of inter- 
preting the’ singularity, when the osculating conic reduces to a circle, by 


' saying that three consecutive circles of curvature coincide, is meaningless, 


unless we can shew that, in the immediate neighbourhood of such a singu- 
larity, & circle meets the curve in five distinot points.* It-may Бе shown, 
from geometrical considerations, that such is not the case, In fact, such 
an interpretation of the singularity would imply the coincidence of amin- 
cyclic point with an ex-cyclic one, which is not possible. 

We may, however, interpret the singularity by saying that when the 
conio reduces to в circle, two singularities of diferent kinds coincide, 


These are 
a b D 
р(г + >) =Oand 8-0. 


If ф be the eccentric angle of the osculating conic, at the point of 
contact, then it is easily shewn, 


2 abd tan ô өгей arto 
а зате і пе р De = £0 
LE с 
Therefore D(6) = ae ' 


D E  ————_ Е 
* For similar remarks оп the point of undulation by the present writer vide 


“ Geometrical Theory of a Plane Non-oyolic Aro” (Journal, Asiatic Society of Bengal, 
Vol. ТУ, No. 8, 1908). 


t Vide “New Methods in the Geometry of a Plane Aro,” Bulletin, ом, в 
Vol. І, Мо, 1. 
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-On the Foundations of the Theory of Surfaces. 


By GANESH PRASAD. 


It is known that the one-dimensional continuum 


нео 
y=) 
has a centre of ourvatuie for every point, where $"(i) and ẹ”(t) are 
existent, This fact naturally suggests to us the following question: In 
thé case of the two-dimensional continuum 


g= h(n, v) 
у= (и, v) t 
g=xlu, v) 
те the existence of the second differential coeficients bu, %,,%,,%,,% 


etc., sufficient for the foundation of the theory of curvature ? 


The importance of this question for the future development of the 
Theory of Surfaces was first recognized by Professor D. Hilbert, who 
proposed it to me for solution. Itis the object of the present note, first to 
discuss the suppositions (of continuity and differentiability) on which the 
current definitions of lines of curvature are based, and then to formulate 
an answer to the question referred to above. 

1. Ів will be sufficient for tho purposes of this note to consider only 
two definitions, viz., the definitions of Monge* and of Professor L. Bianchi; + 
for, the other current definitions are practically copies of the one or the 
other. 


I. Definition of Monge,—‘‘ A line of curvature оп а surface ін such а 
line that the normals to the surface, drawn at any two consecutive points 
of the line, intersect each other.” | 

A little reflection will show that, even if we attach some meaning to 
the phrase consecutive points,—which is, strictly speaking, méaningless,—- 


инэ 





““ Application of Analysis to Geometry, 1807.” (In French.) 
+“ Lessons in Differential Geometry, vol. 1, 1902.” (In Italian.) 
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^ 


the common procedure of regarding the co-ordinates ё, т, 6, of the point 
of interseotion ав constante, while differentiating the sides of the equations 


(@—€) + (s- 0 p=0, 
(у-т + (6 0) 9=0, 
ів devoid of any precise geometrical significance. 


IL Definition of Biancht.— Let a line Т be drawn on a surface 4, 
and let normals to the surface be drawn at the points of Р; then, in 
general, these normals will form а ruled surface which is not necessarily 
developable. Іп the particular case when this ruled вогівре ів develop- 
able, Г ів called а line of curvature of 43,7, | 

If r denote the radius of curvature of L, it ів obvious that the above 
definition requires that 


$—rX,y—vY, 8-77 


should be the co-ordinates of a point of a continuous curve, X, Y, Z being, 
as usual, the direction cosines of the normal at (ш, у, 2). Thus the 
definition of Bianchi requires the existence and continuity of the diferential 
coefficients of the third order of %, v, x. 


9. Ina Лебег“ addressed to Professor Hilbert, who communicated 
it to the Royal Society of Sciences of Göttingen, I have shown that Pro- 
fessor Hilbert’s question should be answered in the affirmative. My 
method consists in discovering the geometrical significance of the lines 
defined by 


np’ вр) (ЗУ) «(km — ap 
am р) (у) «6m FF 
м [а0\? 
+(FD"—@D’) 2) ЕО оаа ео (0) 


where, as usual, E, F, G, Г, etc., represent the fundamental quantities ; 
the equation (1) being the differential equation of the lines of curvature 
according to Bianchi’s definition, provided that œ, y, x satisfy the condi- 
tions involved in that definition. This g3ometrical significance, to which 
І was led by using a theorem of Ргоїевког B. Baire, may be described as 
follows :—Let P and P’ be two points, corresponding to s and s+ ву, on a line 
which is defined by (1); further let D (з, 8)) denote the shortest distance be- 
tween the normals to the surface at P and Р'. Then there exists an unenumer- 


* On the Notion of Lines of Ourvatare.” (In German.) See Nachrichten der k. | 
Gesellachaft der Wissenschaften su Gottingen. Mcthematisch-physikalische Klasse, 1904, 
у 
Heft 8. 
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able (ипађгаћ Баг) and everywhere dense aggregate, such that at every point 
of the aggregate 


Lim D(s,s,) 0 


на | М зо во N, (з, ву) exists, : 


М, (з, 5,) being the length of the normal at the point в, intercepted between 
this point and the point in which D (з, ву) cuts the normal. The two values 
of icd М, (s, ві), corresponding to the two lines defined by (1), are 
called by me the two principal тай of curvature at the point (а, у, в), and 
are given by the quadratic equation | | 

| (DD" — Р” + (BD" + @D—2FD')r + EG- P=0, 
which ts the same as the quadratic шан obtained from Bianchi’s defint- 


tion. 


\ 


~“ Space and Time, 


Address delivered at Cologne on Sept. 2186, 1908, by the Late Peor. Н. Мінкомекі 
| of Güttingen, Ж” 


й [Tranalated by Ganesh Prasad.) 
GENTLEMEN, | 


The views on space and time which I propose to expound to you 
have grown in the field of Experimental Physics. Itis in this that their 
strength lies. Their tendency is а radical one. From this moment, space 
by itself and time'by itself shall sink in the background, and only a 
certain union of these two shall retain substantiality. 

^ Ishould like first to explain how, starting from the generally accepted 
Mechanics, one may, with the help of purely mathematical considerations, 
arrive at altered ideas about space and time. The equations of Newtonian 
Mechanics show a two-fold invariance. Their form remains unchanged 
first, if one subjects the underlying system of space co-ordinates to an 
. arbitrary change of position ; secondly, if one imposes any untform-transla- 
tion on this system. Also the zero-point of time does not play any part. 
People are accustomed to look upon the axioms of Geometry as settled 
before they feel themselves ripe for the study of the axioms of Mechanics ; 
for this reason, these two invariances gre rarely mentioned in one breath. 
Each of them signifies ө certain group of transformations in itself for the 
differential equations of Mechanics. The existence of the first group ін 
looked upon as в fundamental attribute of space. On the other hand, 
people delight in punishing the second group with scórn, in order to 
- thoughtlessly pass by it to the conclusion, that it, is impossible to decide 
from the physical phenomena whether the space, which is supposed to be 
at гені, ів not really in a state of uniform motion.. Thus the two groups 
follow a separate career side by side, Their thoroughly dissimilar char- 
acter may have frightened people from any attempt at combining them ; 
but it is exactly the combination of these groups which gives us a good 
deal to meditate upon. E 
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Let us try to represent the situation graphically. Let а, у, е be the 
rectangular co-ordinates for space and let # denote time. Space and time 
combined always form the subject of our perception. No one has noticed 
a place except at a time, and & time except аб а place. However, I respect 
the dogma that space and time have each an independent significance, 
І will use the word torld-point for a space-point corresponding to a time- 
point, 5.6.) Тог а system w, у, є, t. The totality of all conceivable systems 
2, у, z, may be called the world. I could boldly chalk out four world- 
axes on the board. Already one of the drawn axes consists of & number of 
vibrating molecules and, further, makes along with the Harth a voyage in 
All. Thus this axis already gives us enough to reflect проп; the some- 
what greater reflection connected with the axis No. 4 does not do any 
harm to the mathematician. In order to leave nowhere a gaping void, 
we imagine to ourselves that something perceptible is existent at all places 
and at every moment. In order to avoid using the words matter or elec- 
tricity, I will use the word substance for this “some thing.” Let us direct 
our attention towards the substantial point, existent in the world-point 
з, у, є, t, and let us imagine to ourselves that we are in & position to 
recognize this substantial point at any other time. The changes da, dy, de 
in the space co-ordinates of this substantial point may correspond to an 
element of time df. Thus, as the picture--so to say—of the eternal life 
of the substantial point, we obtain a curve in the world, 4.в., a world- line 
whose poinis admit of a one-to-one correspondence with the parameter ¢ 
from ~ оо tow. The whole world appears resolved into such world.lines. 
And I should like to say beforehand that, according to my opinion, it 
would be possible for the physical laws to find their fullest expression ав 
correlations of these world-lines, 

In consequence of the notions, space and time, the e, у, є totality #=0 
and its two flanks # > 0 and # < 0 fall asunder. If, for the sake of sim- 
plicity, we keep the zero-point of space and time fixed, then the first group 
of Mechanics means that, corresponding to the homogeneous linear trans- 
formations of the expression 

а + у: + 2 
into itself, we may subject the ш, у, z-axes іп й = 0 to an arbitrary rota- 
tion round the zero-point. But the second group means that, without 
having to alter the mechanical laws, we may also replace e, y, s, 6 by 
в — al, y — Bt, z — yt, t, where a, B, y are arbitrary constants. After 
this, the axis of time may be given a fully arbitrary direction towards the 
upper balf-world і > 0. Now, what has the demand of orthogonality in 

space to do with this complete freedom of the axis of time upwards P 

* To establish the connexion, let us take a positive parameter о and 

consider the figure | 


Space and Time, 187 
ER — gt — yi — 2 = 1. 





Fio. 1. 

Like a hyperboloid of two sheets, it consists of two sheets separated 
by ё = 0. We consider the sheet in the region t > 0, and we conceive 
now those homogeneous linear transformations of 2, y, є, б into four new 
variables 2’, у, 5, Р, by which the expression of these sheets in the new 
variables becomes similar, Evidently the rotations of space about the 
zero-point belong to these transformations. A complete understanding of 
the remainder of these transformations is acquired, if we fix our eyes upon 
such of them as leave y and s unaltered. Let us trace (Fig. 1) the section 
of those sheets with the plane of the æ- and t-axes, viz., the upper branch 
of the hyperbola о 2 — g? = 1, together with its asymptotes. Further, 
let us mark an arbitrary radius vector OA’ of this hyperbolic branch from 
the zero-point О; lay down the tangent at 4" to the hyperbola up to В”, 
the point of intersection with the right-hand side asymptote; complete 
the parallelogram ОА” B' 0”; and, finally, produce В” O' to РГ’, ita point 
of intersection with the w-axis. If we take now ОО” and ОА" as axes for 


1 
the parallel co-ordinates œ’, # with the scales 00'= 1, 04'= PL then the 


hyperbolic branch is again expressed by - 

Фіз а%= 1, >O, 
and the transition from 2, y, z, t to з", y, 2, is one of the transforma- 
tions in question. We take up with these transformations the arbitrary 
displacements of the sero-points of space and time, and thus constitute a 
group of transformations which is evidently dependent on the parameter с, 
and which I denote by the symbol Go. 


Now let c increase indefinitely, s.e., let 1 converge to Zero; then it 


is clear from the adjoined figure that the hyperbolic branch approaches 
closer and closer to the x-axis, the angle between the asymptotes becomes 
broader and broader, and the transformation Gc changes in the limit in 
such a manner that the i'-axis can have an arbitrary direction upwards 
‚ and т approaches closer and closer to а, Hence, it is clear that from Gc 
in the limit when о tends to со, 1,6., asthe group Gy, we have exactly 
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the complete group belonging to the Newtonian Mechanics. In this state 
of affairs, and since Gc is mathematically more understandable than бор; 
в mathematician might very well, in the freedom of his imagination, come 
to the thought that really the phenomena of Naturé possess an invari- 
ance not with the group Gep "but with the group Go, where c is a definite 
finite number, which is only extremely large in the ordinary system of 
unite, Buch a/presentiment would have been an extraordinary triumph. 
of pure Mathematics. Now, if Mathematics shows here only an unneces- 
sary witticism, still she has the satisfaction that, thanks to her favourable 
antecedents, she has the power, with her senses sharpened in the exercise 
of free foresight, to comprehend, the deep-lying consequences of such а 
refashioning of our conception of Nature, 

| І will note immediately what value of .c is in question: in the -рјасв 
of с, the velocity of the propagation of light in empty space must make 
its appearance. Тп order not to speak of space or of emptiness, we шау 
distinguish с as the ratio ot the ован апа Ње electromagnetio units 
of electricity. | 

The subsistence of the invariance of the laws of N ature for the group | 
Ge would be now expressed as follows :— 

~ From the totality of natural phenomena, опе may derive, by succes- 
sive approximations, more and more exactly; a system of reference, z, y, 2 
and i ($e, space and time) by means of which these phenomena can be 
described according to definite laws. However, this system of reference’ 
is by no means uniquely determined by the phenomena. Corresponding 
to the transformations of the group Gc, we тау arbitrarily vary the system 
of réference, without the _euphession of the ш of Nature being changed 
thereby. Y 

For example, in Fig. 1 we may call У time. But then we must neces- 
sarily define space by the totality of the three parameters шу y, яҙ and 
thus the physical laws would be as exactly - expressed by means of z', y, 
s, Й as by means of a, y, 2,1. After this, we would have in the world no 
longer the space but an infinite number of spaces; jusb ав in the three- 
dimensional space, there are an infinite number of planes, The three- 
dimensional Geometry becomes a chapter of the four-dimensional Physics. 
You now understand why I said at the outset that space and time shall 
sink in the background and only constitute a world with their union. 

: _ (1I) 

Now arise the questions: What circumstances compel xus to adopt the 
altered conception of space and time? Does this conception never really 
disagree with phenomena P Finally, does it offer advantages for the des- 
cription of phenomena Р 
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Before we enter into these matters, I will make ал important remark. 
If we have somehow individualized space and time, then to a substantial 
point at rest сог?европдв as world-line a straight line parallel to the 
taxis; to a uniformly’mbving substantial point, a straight line inclined 
to the. t-axis; and to a non-uniformly-moving substantial point, a world- 
line curved in some manner. If we take up the world-line passing 
"through an arbitrary world-point a, у, з, Ё, and find it to-be thére parallel 


io any radius vector OA’ of the hyperboloidal sheet mentioned above; , 


then we may introduce О4' as the new axis of time, and, with the new 
notions of space-and time given thereby, the substance in the world-point 
in question will appear to be at rest. We will now introduce this funda- 
mental axiom: The substance existent in any arbitrary world-point may be 
always regarded as at rest, tf the space and time are suitably assigned. 

This axiom means that in every world-point the expression 

od — de? — dy? — dst 

turns out to be always positive, or, what comes to the same thing, every 
velocity v turns out to be always smaller than с. Hence с is the upper 
limit of the velocities of all substances, and herein lies the deep signifi- 
cance of the quantity c, In this other form the axiom gives at first the 
impression of being somewhat unsatisfactory. It should, however, be 
considered that now we have a modified Mechanics in which the square 
root appears with the above differential combination of the second degree, 
но that cases with velocity exceeding that of light will play a part 
somewhat like that which figures with imaginary co-ordinates play in 
Geometry. 

The impulse and the true motive for the acceptance of the group 
Ge was-this, that the differential equation for the propagation of waves of 
light in empty space possesses that group: Gc *. On the other hand the 
notion of rigid bodies has a sense only in a Mechanics with the group 
Gop. Now, let there be an Optics with Ge and, further, let there be rigid 
bodies, Then itis easy to see that with the help of the hyperboloidal sheets 
corresponding to бс and бо a t-direction would be marked ont, and 
this would have the following consequence: we should be able to perceive 
a change of phenomena with the aid of snitable rigid optical instrumenta 
in. the Laboratory, when these instruments are variously set against the 
direction of motion of the Earth. However, all exertions: having this 
- aim in view, in particular, a famous interference experiment of Michelson, 


have had а negative result. Іп order to obtain an explanation of this, 


* A true application of this fact has been already given by W.-Voigt in the 
. Góttinger Nachrichten, 1887, р. 41. - 


leet 
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fact, Lorentz built up a hypothesis the success of which lies precisely 
in the invariance of Optics for the group Gc. According to Lorentz 
every moving body should experience 8 contraction in the direction of 


өй 
motion in the ratio 1: J 1-4, where v is the velocity of the body. 





This hypothesis sounds extremely fantastic. For, the contraction is not 
to be thought of as anything like the consequence of resistances in ther 
but purely as а present from above—as в cancomitant of the circumstances 
of motion. 

I will now show with our figure that the hypothesis of Lorentz is 
fully equivalent to the new conception of space and time by means of 
which it becomes much more understandable. For the sake of simplicity 
let us not reflect upon у and 2, and let us imagine to ourselves а spaoially 
one-dimensional world. Then а strip perpendicular like the taxis 
and a strip inclined to the t-axis are respectively the images of the 
course of a body at rest and of that of a body in uniform motion; each of 
these bodies retaining a constant spacial extension. If ОД” is parallel to 
the second strip, we may introduce Й вв the co-ordinate of time and 
w as the co-ordinate of space, and then the second body appears to 
be at rest and the first to be in uniform motion. We suppose now 
that the first body conceived to be at rest has the length 7; in other 
words, the section PP of the drst strip on the a-axis is equal to 
1. OO, where OQ representa the unit of measure on the z-axis. Again 
we suppose that the second body conceived to be at rest has the same 
léngth і; in other words, the cross-section of the second strip parallel to 
the »’-axis, 1.6.) Q'Q', is equal to І. 00". We have now these two bodies 
as images of two equal Lorentzian electrons, one at rest and the other 
in uniform motion. However, if we retain the original co-ordinates 
о, t, then the extension of the second electron is to be considered to 
be 00, the section of the oorresponding strip parallel to the axis 
of а. Now, it is evident that 00-1. OD' since Q'Q’=1. OO’. An 


easy calculation shows that, if » represent the E: for the seoond strip, 
2 

ор'=00. 7 1-% 

с 


РР: 00=1: ,/ 1-5. 





and, consequently, algo 


And this is the sense of Liorentz’s hypothesis of the contraction of electrons 
on account of their motion. On the other hand, if we look upon the 
second electron as at rest and thus adopt the system of reference ж, Й, 


Space and Time. 141 


then the length of the first electron will have-to be dencted by the section 
P'P' of the corresponding strip parallel to 00". And we will find the first 
electron shortened in relation to the second one exactly in the ratio given 
above; for in the figure 


P'P': Q'Q'20D: 00'«0D': 00-00: РР. 


Lorentz named the combination У of а and ¢ the place-time of the 
uniformly moving electron and appropriated a physical construction of 
this notion for the better understanding of the hypothesis of contraction. 
Nevertheless, it is the merit of A. Einstein * to have clearly recognized, 
that the time of one electron is as good as that of the other; in other 
words, that ¢ and # are to be treated alike. Therewith, first of all, 
time, a8 a notion uniquely determined by the phenomena, was dropped. 
Neither Lorentz nor Hinstein shook the notion of space, perhaps for this 
reason that with the aforesaid special transformation, in which the 2, 
Й-ріапе is congruent with the а, i-plane, an interpretation is possible as 
if the ø-axis of space remained unchanged in its position, Also, to march 
over the notion of space (as in the case of the notion of time) is to be 
appraised as the rashness of mathematical refinement. After this further 
progress, which is, however, indispensable for the true understanding of 
the group Ge, the word postulate of relativity, for the demand of an in- 
variance with the group Ge, appears to me very stale, As the sense 
of the postulate becomes, that only the four-dimensional world in space 
and time is determined by the phenomena while the projections in Space 
and in Time may be still taken in hand with a certain freedom, I should 
rather like to give this statement the name Postulate of the absolute world 
(or briefly world-postulate). 





* Annalen. der Physik, 1905, p. 891; Jahrbuch der Radioaktivitàt und Blektronik, 
1907, p. 411. 
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Summary of Principal Mathematical Journals. 


Mathematische Annalen, vol. 67, parts 1 and 2 (April and June, 1909). 


Ph. Furtwüngler, of Anohen.— The reciprocity-theorems for residues of 
powers with prime indices in algebraical number—corps. (In German.) 

Prof, D. Hilbert was the first to extend in a comprehensive manner 
the theory of the quadratic reciprocity-theorems by means of the in- 
vestigation of the relatively quadratic number—corps. The object of the 
present paper and its continuation is to complete, in a.certain sense, the 
theory of reciprocity-theorems, in algebraical number— corps, for’ residues 
of powers with prime indices. The author attains this object by using a 
generalization of Hilbert's method. (p. 1—31.) 

Н. Weber, of S&rassburg.— About the theory ої. cyclical а 
corps. (In German.) 

The author first derives some theorems from is theory of КЕ 
corps and.of cyclical corps in an arbitrary field of rationality, and then 
applies these theorems to prove Kronecker’s theorem that all cyclical corps 
in the absolute field of rationality are cyclotomic corps: (р 32-60.) 


А. Wieferich, of Münster.—About the representability of numbers as ' 
gums of fifth and seventh powers of positive integers, (In German. ) 

The author first proves that every poritive integer is representable as 
the sum of not more than 59 fifth powers of positive integers, and then he 
shows that every positive inteyer is representable as the sum of a fixed 
and finite numberof seventh powers of integers. (р. 61—75.) 


Leopold Fejér, of Klausenburg.— On Laplace's series. (In German.) 

In the present memoir the author first uses the arithmetical-mean of 
the second order to obtain results relating to Laplace’s series, similar 
to the results relating to Fourier’s series (Math. Ann., vol. 58) obtained 


Әу him with: the use of the arithmetic mean of the first order He then 


gives various applications of the new results including a proof of 
Weiertrass's theorem on the approximation of an arbitrary continuous 
function with the help of polynomials, the polynomials used by the author 
being Legendre’s functions. The paper concludes with the formula- 
tion of some problems which, according to the author, await solution. 
(p. 76--109,) 
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Walter Schnee, of Berlin.—The кау of Cesaro’s and Hólder'a 
limiting values. (In German.) 
Let aj а), ау eto. be an arbitrary sequence of real or complex 


quantities such that 3 аһ diverges, and put 
х2 


8 zz 810) А = ар а| + svat Guy Өте + 81 + ed Bay 
, g,0 .. g 7n £8, + ... ager? ; 


о) botst. tsa 
вв 840 maizta + see + n, Fee 1 


(k-1) (k-1) (8-1) 
(b) % + c +... зв 
.- у —€——————— жены 


n+l 
Then the author's result may be stated as follows :— 
- Ж 
lim | k! 8,2 қ ® 
nao Т” and т бю, 
n noo 


which are respedtively Üesaro's limiting value and Hólder's limiting value, 
are always equal to one another if опе of them exists. (р. 110—125.) 

Peter Field, of Góttingen.—On the circuits of a plane curve. (In 
English.) 

Defining the index of a circuit as the minimum number of real points 
in which it is cut by any straight line in the plane, the author proves the 
following theorem for curves withont singnlar points: For every order 
n (n2x4) there exist curves, р:=4(п— 1) (п —2), formed of а single cirouit 
of index n —4. (p. 126—129.) 


rast Jacobstahl, of Berlin,x—About the arithmetic of tranafinite 
numbers. (In German.) 

The preseut note is a supplement to the author's memoir " On the 
Construction-of Transfinite Arithmetic,” and has for its aim the settlement 
of the question left unsettled at the end of Art. 3 of that memoir. 
(р. 130—144.) 


Раш Косів, of Güttingen.—On the nniformization of the algebraical 
curves, (First instalment). (In German.) 

By the problem of the uniformization of an analytical curve (2, y), 
defined by means of an arbitrary analytical function у (є), is understood 
the problem of finding an auxiliary variable ¢, which is analytically depen- 
dent on 2, or—what comes to the same thing—on y, and which is such 
that а (t) and у (t) are single-valued analytical funotions while у (а) itself 
is, generally speaking, an infinitely-valued function of з. This problem, 
which is of fundamental importance in the theory of the automorphic 
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functions, has been carefully studied in recent years by Osgood, Brodén, 
‘Johansson and Poincairé. The object of the present memoir is to give as 
independent and as all-sided a treatment of the problem as possible. 
After an introduction, some remarks about the general-notion of the 
linearly polymorphic uniformizing variables belonging to an algebraical 
curve, and a preliminary investigation relating to the uniformization of 
algebraical ourves by means of rational functions, rational functions of an 
exponential function, or rational functions of an elliptic function and its 
derivatives, the author formulates and completely solves the problem of 
the determination of all linearly polymorphic uniformizing variables 
which have real substitution-groups: and which ЕЕЕ to an arbitrarily 
given algebraical curve. (p. 145—224.) 


Hermann Weyl, of Góttngen.—On the convergence of series of 
orthogonal functions. (In German.) | 
The author first proves that, if d, (a), h (а), etc., be а system оѓ 
со 


orthogonal functions, the series X о, ф, (a) converges essentially uniformly 
я=1 


when the sum З Се? 4/ “а is existent, the following being the definition 
a=] 


of essentially uniform convergence :— 
Let w, (2), wy (а), вію, be functions of а defined for the interval 


(0,1). Then 3 Wa (а) is said to converge essentially uniformly, if, 
La 


corresponding to every positive number e < `1, it is always possible to find 
an aggregate Ае, of measure l—« and lying in the interval (0, 1), such 


© 
that 2 we (2) converges uniformly for all values of є belonging to A,. 
я] 


He then considers various theorems allied to the above theorem which 
is the principal theorem of the paper. It should be noted that, throughout 
this paper, Lebesgue's definition of integration is used. (р. 225—245.) 

Г. И. J. Brouwer, of Amsterdam.—The theory of finite continuous 
groups, independent of the axioms of Lie. (First instalment.) (Іп 
German.) 

In recent years, Professors Hilbert and Poincaré have pointed out the | 
desirability of constrnoting Lie's theory of groups independently of his 
suppositions. The present paper is intended to contribute to such & con- 
struction. (р. 246—967.) 


Р. Woronetz, of Kiew.—On the rolling motion of a circular diso оп 
an arbitrary surface under the action of given forces. (In German.) 
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Тһе author first investigates а system of equations of motion for the 
general problem, and then applies this system to discuss certain types of 
motion on spheres and ellipsoids. (р. 268—980.) 


Mathematische Annalen, vol. 66, part 4 (February, 1909). ~ 

This part opens with an announcement of the premature death of 
Professor Minkowski and of his services as a member of the editorial 
committee of the Mathematische Annalen. (In German.) (р. 417—418.) 


Edmund Landau, of Berlin.—On the ‘distribution of the zeros of 
Riemann’s zota-function and of those of a class of allied functions. 
(In German.) 

The author first gives, in a simplified form, von Mangoldt’s proof of 
the following theorem first enunciated by Riemann:—Let N(T) denote 
the number of the zeros of the zeta-function ¢ (s) whose ordinates lie 
between 0 and T > 0, 0 being excluded and Т being included ; further 
let O (log Т) signifiy a fractional part of the order of the quantity log Т: 
then 
1+log (2v) 

Әт 
He then extends his procedure to the case of the function. 


L(s)= 3 xe) 


т 


where x (n) stands for a Seat other than the chief character, of 
the group of the residue-classes prime to k; Е being a positive integer. 
The paper concludes with certain applications to the theory of prime 
ideals. (р. 419—245.) 


Oskar Perron, of Münich.—On linear difference and differential equa- 
tions. (In German.) ~ 


In the theory of the differential equations of the form 


N(T)=4,T log T- T +0 (log T). 





dy diy 
Pyy + Pi P, ast. ЕР, Y 0, sasare (1) 


where the coefficients Р; are polynomials in 2, ae is well known that, unless 
certain conditions are satisfied, the general integral does not behave in a 
definite manner аф а multiple zero of Ра, although snch may not be the 
case with some of the particular integrals. The object of the present 
paper ін to apply the results of the author's recent investigations in the 
theory of linear difference equations to obtain more comprehensive types, 
than those known to previous writers, of differential equations, which are 
of the form (1) and for which very definite statements can be made 
relating to the existence of particular integrals of the kind referred to 
above. (p. 446—487.) 
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-- I. Schur, of Berlin.—On the characteristic roots of a linear substitu- 
tion together van an application to the theory of integral equations. (In 
German.) > 

If ој, оу... ол be the roots of the algebraical equation 


а-ш а . . о б 
1 12 In 

a -2 0... а 

21 29 2n 0, 

a - <. . 6—8 

nl "2 тп 

then it is known that 
"y | dena, (1) 








where a is the greatest of the п? numbera | x | and v has any value 


from lio n. The first of the two parta into which this paper is divided 
contains some new inequalities similar to (1); the most important of these 
being the following :—. Я 
3 
4 X 
» ^ 

In the second part, tho author utilizes his algebraical results to show 

how, in the theory of the linear homogeneous integral equation 


a 
x^ 


3 


vel 


о) 
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а 


МАҒА 
i K(s, t)e(t)dt- (в), 


the notion of the power of a ‘characteristic number А may be introduced 
even if the kernel K(s, %) be not real and symmetrical. (p. 488—510.) 


Johannes Mollerup, of Copenhagen.—On the representation of an arbi- 
trary continuous function. ‘(In German.) | 

The known approximations of an arbitrary continuous function have | 
been hitherto obtained by means of analytical materials like definite integ- 
rals, Fourier's or Taylor's series, etc, The object of the present paper ів 
to give an axiomatic derivation of these approximations, starting from the 
following fundamental theorem: A sequence of continnons functions, which 
is uniformly convergent in an interval, has always a continuous function 
for ita limit, (р. 511--516.) 
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Ж. Salkowvsks, of Charlottenburg. —About the transformation of space 
curves. (In German.) 

This memoir is divided into four parts. It is the aim of the first 
part (1) боЧау down all the relations bétween two curves which are ren- 
dered possible by means of the parallelism or orthogonality-of two edges 
of the fundamental tribedvon of these curves, (2) to determine a geomet- 
rical construction for each of these relations, and (3) to derive geometri- 
cally the characteristic equations, In the second part, the correspondence 
by means of parallel tangents is applied to the theory of loxodromes, with 
special reference to the problems of loxodromie helios and loxodromes of 
constant curvature, In the third part, the author investigates an appli- 
cation of transformation by means of orthogonal line-elements, the chief 
result of the investigation being the determination of a particular kind of 
curves of constant curvature, an infinite number of which are algebrascal. 
As a simple type of such curves, the author discusses the following :— 


1 l-n 
acr | ҖИ) кын 


~ 


15" . . 
"ад m (1-9п)-3і4 віп у b 
1 l-n 
ae йі 
lin 
+ Ton) сов (1— дљуџ + + cos v |, 
1 


= 008 Әп v, 

ӛт / + m?) 
being апу rationalnumber. The fourth part contains a general investiga- 
tion of those curves which are the geodesics on the tangent-enrtaoea of 
helies. (p. 517—557.) 


Karl Kommerell, of Stuttgart.—Purely geometrical foundation of the 
theory of proportions and of area. (In German.) 

Grassmanu was the first to attempt to found the theory of propor- 
tions without introducing considerations of continuity, 4.8.) without 
introducing irrational numbers. Among the subsequent writers , who 
have discussed this problem are Hoppe, H. Weber and Hilbert. But 
unlike Grassmann, Hoppe and Weber, Professor Hilbert does not make 
use of considerations of space. The aim of the present paper is first to 
build up the theory of proportions without using considerations of space 
and also without using a certain distance-calculation which Hilbert uses, 
and, secondly, to point out such changes in Hilbert’s treatment of the 
theory of area as will free 16 from this distance-caloulation, (р. 558—574.) 
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Georg Scheffers, of Oharlottenburg.—On the isogonal surfaces of a 
bundle of rayas.: (In German.) 

. 7 The author points out that the surfaces investigated by Landsberg 
in this paper in Part 2 of the Annalen (see pp. 45 and 46 of the April 
number of the Bulletin) were first published by Scheffers in the Proceed- 
ings of the Royal Society of Sciences of Leipsic,:in 1902, as special cases of 
а general surface. (р. 575.) 
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Academy of Sciences, Paris, 1908. 


July—December, 


Emile Borel.—On the Analysis of Polymorphic Curves. 
Georges Meslin.— On the orientation of an Anisotropic Ellipsoid in a 
uniform field. | 
М. Sanielevici.—On the differential equation of Vibrating Membranes. 
4. Myller.—On & problem relating to the theory of partial differen- 
tial equations of the hyperbolic type. 
M. Jacob.— On а пет integrometer (the apparatus described оп May 
11, 1908, allows the integration of the equation 
у= Ay® + By? + бу+ D, 
tf a particular solution is known. Ву slightly modifying the apparatus, 
the latter restriction is removed). 
Е. Masilet.—(a) On Certain Systems of Differential Equations. 
PS (b) Ол differential equations and systems of reservoirs. 
A, Denjoy.—Üanonical products of infinite genus. 
9. Darbous,—(a) Оп а problem relating to the theory of orthogonal 
| systems and the method of the mobile trihedron. 
» (b) On the determination of the triple orthogonal 
systems comprising a family of Dupin Oyolids, and more generally, a 
family of surfaces with lines of Curvature plane in the two systems. 
P. Qousin.—On periodic functions, 
FE. Nérlund.—-On the Convergence of Continued Fractions. 
L. Вету.--(а) On the value of the invariant р for a class of Algebraic 
Surfaces. | 
, (b) On the Algebraic Surfaces which represent pairs of 
points of the curve of genus three. 
» (c) On the number of double integrals of the Second 
Species of certain Algebraic Surfaces, 
Ж. Ресата.—Оп the influence of isolated multiple-points on the 
number of double integrals of the Second Species of an algebraic Surface. 


150 Socreties and Academies. 


J. Haag.—On the Geometrical Applications of- certain remarkable 
movements, ` 

М. Teitzéica.—On Conjugate net works with equal invariants, 

4. Demoulin.—On the Cyclid of Lie. 

L. Féer.—On а Method of М; Darboux. 

Т. Lalesco.—On ө class of linear differential equations of infinite order. 

Jules Drach.—On Geodesic lines. 

H. Traynagd.—On the Condition that seven right lines should be 
. situated on a surface of the fourth degree. 


— 0 


German Association of Mathematicians, 1908. 


Н. Minkowski of Gottingen —Space and Time. 

G. Hamel of Brünn.—On the foundations of mechanics. 

Ж. Vimerding of біт тир — The historical development of the notion 
of force, 

Р. Stáckel of Karleruhe.—Special motions of a top. 

В. von Mises of Brünn.—Problems of technical hydromeohanios. 

F, Müller of Dresden.—On plans for the edition of Euler's works. 

Н. Wiener ој Daymstadt.—About the geometry of binary forms. 

Н. Heissner of Aachen.—Scientifio ыы in the technics of flying 
machines. 

Н. Jung ој Marburg.—On algebraical fonctions of two ТЕТІ 
variables. 





Royal Society, London, 1909, 
А Aprii—June. 
A. Н. Gibson.—On the depression of the. Filament of maximum 
velocity in & stream flowing throngh an open channel, 
J. Н. Shawby.—On the graphical determination.of Freanel's integrals. 
T. Н. Havelock.—On the wave-making resistance of ships—a theo- 
retical and practical analysis. 


London Mathematical Society, 1900. 
April—June, 


„КЕ. Tavani.—On the principles ої the general theory of integral 
functions. 


У 
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Н. В. Hasso.—On ће equations of electro-dynamics and the null 
influence of the Earth's motion on optical and electrical phenomena. 

| 6. М. Watson.—On the Solution of a certain transcendental equation. 

Н. Bateman.—On the physical applications оп certain ‘conformal 
transformations of a space of four dimensions and the рев оға 
space-time point by means of a sphere. 

4. И. дыны some.criteria for the Бейне of eighth and other 
powers. 

W. H. Young.— --Оп the discontinuities of a function of one or more 
real variables, | 

, H. W. Turnbull, Оп. ‘Ternary quadratic Types. 

~ J. 6. Leathem.—On Gause's theorem and on the Semi-Convergence of 
certhin force integralé in the theory of attractions. 

J. E, Inttlewood,—On the continuity or discontinuity of a function 
defined by an infinite product. 

F.J. W. Whipple.—On the behaviour ӛсе -poles of а Series of 
Legendre's functions representing а function with infinite discontinuities, - 

W. Н. Salmon.—On ап” analogue of Pascal's theorem іп three 
dimensions. 

4. L, Dison.—On some Symbolical expressions for the eliminant of 
two binary quantics, ` 


Reviews. 


Introduction to Higher Algebra.—By Махтмв Вӧснев, Professor of 
Mathematios in Harvard University. Рр. 821. Price 8s, The 
Macmillan Company, 1907. = 


Dr. Bócher is one of the fairly numerous Americans who are 
thoroughly in touch with thé mathematical progress in Germany and 
France. And, if we remember right, he is one of the distinguished pupils 
of Prof, F. Klein and a laureate of the Royal Society of Sciences of 
Gottingen. For these reasons alone, his book on such a familiar subject 
as Algebra is sure to be of considerable interest to English-knowing 
mathematicians, 

This book is intended for “ students who have had two or three years’ 
training in the elements of higher Mathematics, particularly analytic 
geometry and the caleulus" Its object is “to introduce the student to 
higher Algebra in such a way that he shall, on the one hand, learn what 
is meant by a proof in Algebra and acquaint himself with the proofs of 
the most fundamental facts, and, on the ocher, become familiar with many 
important results of Algebra which are new to him. The book being thus 
intended, not ав a compendium, but really, as its title states, only as an 
introduction to higher Algebra, the attempt has been made throughout to ` 
lay a sufficiently broad foundation to enable the reader to pursue his 
further studies intelligently, rather than to carry any single topic to 
logical completeness.” Thus the author has found it proper to omit such 
important subjects as Galois’ theory and the theory of numbers. 

The first seven chapters deal with the most fundamental properties 
of polynomials, a few properties of determinants, the theory of linear 
dependence, linear equations, some thecrems concerning the rank of а 
matrix, linear transformations and the combination of matrices, and the 
first principles of invariants. In chapters VIIL—XIII, the subject of 
quadratic forms is very ably discussed. The next six chapters treat of 
polynomials in general, factors and common factors of polynomials in one 
variable, factors of polynomials in two or more variables, general theorems 
on integral rational invariants, symmetric polynomials, and polynomials 


Reviews. 153 


symmetric in pairs of variables. The last three chapters form a good in- 
troduction to the subject of elementary divisors, 

It will be seen from the above synopsis that Prof. Bócher's book ів 
the only book on Algebra in English from whioh one can study the 
elementa of some of the modern algebraical theories. This book is, there- 
fore, bound to come into use in every University where English is the 
chief medium for the study of higher Mathematios. 

'G. Редвар. 


“Ал Introduction to the Study of Integral Equations"—By Maxine 
Вбонкв, B.A., Pu.D., Professor of Mathematics in Harvard University. 
~ Pp. 71. Price 25. 6d. University Press, Cambridge (England), 1909. 
During the last six years, integral equations, which came into 
prominence with the publication of a paper of the Swedish mathematician, 
. Dr. Ivar Fredholm, in 1900, have been so frequently written upon by great 
mathematicians like Professors Hilbert, Picard and Poincaré, and by 
their pupils, that there is at present an important and fairly compre- 
hensive theory of these equations, Itis, however, unfortunate for English- 
knowing students of Mathematics that this theory has hardly received 
any contribution from. English sources. It. was, therefore, a happy 
thought of Drs. Whittaker and Leathem, the editors of the Cambridge 
Tracts, to enlist the services of Prof. Maxime Bécher for writing the tract 
under review. | 
The author restricts himself to the two chief types of integral 
equations, Viz., ‚ 


лә- ке, t)w(£) d£ 
and | 


a 
ща) =f(@) + | К(а, ё) и ( £)d£, 
4 
in which f(z) and К(а, £) are to be regarded as known functions and ца) 
is the function to be determined. The tract contains fourteen articles 
besides a brief introduction and an index. The first five articles give some 
preliminary propositions and definitions, Abel’s mechanical problem, solu- 
tion of Abel's integral equation, Liouville’s introduction of the integral 
equation of the second kind, and the method of successive substitutions. 
The sixth article deala with Prof. Volterra's treatment of equations of the 
second kind, ‘Articles 7 and 8 are devoted tó Fredholm's investigations. 
In Articles 9—12 the author gives в brief outline of the most intéresting 


/ 
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“рагі of the theory, vis., the part containing the results of Hilbert, Kneser 


and Schmidt relating to the application of the integral equation 


~~ 


b 
ч(а) sonl К(а, ё) u (Ẹ)dÉ 
а 
= ы » \ 
(іп which A is a parameter) to the problem of the expansion of an arbitrary 
fanction in an infinite seriea of normal functions. The last two articles 
are mainly devoted to Volterra's researches nas to the integral equation 
of the first kind. 

From the above synopsis, it will be clear to those, who are already 
acquainted with the literature of the subject, that the author's aim, viz., “to 
present the main portions of the theory of integral equations in a readable 
and, at the same time, accurate form " and " to furnish the careful student 
with a firm foundation which will serve adequately ав a point of departure 
for farther work in this subject and its applications,” has not been - 


` completely realized. For there are some important omissions, specially in 


connection with the applications cf the subject. For example, the 
applications to the caleclus of variations and to mathematical physics do 


“not receive any mentior, although it is to those applications that the 


theory owes its present developed form. м 

Ав we have indicated in the beginning ої this review, Prof. Bócher's 
tract will be of considerable help to English-knowing students. Tte 
usefulness would have been greater, had the author added some articles ` 
to the applications of the se and given в bibliography. 


G. Puaaap. 


“The Mathematical Theory of Electricity and Magnotism.—By 
~ Prov. J. Н. Jeans; M A, F.R.S. Published by. the Cambridge 

University Press, 1908. Price 15s, 

In the anthor’s words “ the book is written for the student and for the 
physicist of limited mathematical attainments.” What а student generally - 
finds difficult in these studies is not the physical but the mathematical 
part. The author has &dopted the plan of sharpening the tools what he 
requires next. We are not sure how far this method succeeds in removing 
the mathematical difficulties. - 


` © “The book is intended to be an introduction to the study of Maxwell's 


theory. Unlike the modern books (for instance of Abraham, or Richarz) 
it starts with Coulomb's law and ‘arrives at the general equations іп the 
fifteenth chapter. Nowadays one expects to find the- use of Vector 
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' analysis і in such treatises, and that would have diminished the size of the 
book to a certain extent. 

The first five chapters deal with electrostatics and cover almost the same 
grounds as in the well-known Elements of Sir J. J. Thomson. АП these 
are based on the assumption of action at a distance.. In the sixth chapter, 


. m к 
we find a theory of explaining electrostatic forces with a tension ар рег 


: Ез 
unit area іп the direction of the lines of force and а pressure Be Per 


unit aren perpendicular to the lines of forces in the ether. 

The next chapter is dedicated to the general analytical theorems with 
some of their applications to electrostatics. 

‘In dealing with the problems of electrostatic Induction we generally 
take to the method of Images or to Spherical Harmonics. In the seventh 
chapter we find some well-known problems solved with the first method. 
Thirty-five pages are devoted to Spherical Harmonics, with its electrostatic 
applications (those who want more information may refer.to the now 
published lectures of Helmholz- edited by Krigar Menzel). The two 
dimensional problems form an interestiog part of this chapter. The ninth 
chapter brings us to the steady currents in linear conductors and their 
laws. A general theory of а network is given. The next chapter deals 
with steady currents in continuous media. 

‘The eleventh chapter brings us to permanent magnetism, The mathe- 
matical theorems are worked out In the next chapter we come to induced 
magnetism. The molecular theories are also dealt with. We miss here, 
however, à discussion about the modern views of permanent magnetism as 
professed by Prof. Cohn and his students. In the thirteenth chapter we 
have the magnetic field produced by electric currents, and in the next 
induction of currents in linear circuits. In page 435 we find the energy of 
the field caloulated where the coefficients of induction are introduced as 
mathematical coefficients. The conditions under which these equations 
hold good should have been mentioned. We should have liked to see the 
coefficients of induction defined also from the physical standpoint, even 
in case where we have iron in the neighbourhood. In page 453 and the 
following pages we-have the mathematical theory of transformers. 

The general equations are arrived at in the fifteenth chapter which 
deals with the induction of currents in continuous media, The next 
chapter. gives us the dynamical theories ang their application to electro- 
magnetic problems, 

The remaining chapters deal with electromagnetic theory proper. 
The excellent experiments of Hagen and Rubens are referred to, These 
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experiments are-now looked upon as one further corroboration of Maxwell's 
theory. At the end‘of each chapter References are given to works on the 
subject. This list is rataer incomplete as it mentions practically only a 
few of the standard English books. 

One special feature of the book is that it contains a splendid өн 
of examples, 

| 8. К. Dorr. 
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Notes and News. 


Wolfskehl Foundation; Lectures of Prof. Poincaré.—On the 
invitation of the Committee of the Wolfskehl Foundation, Prof. Henri 
Poincaré delivered & series of lectures at Göttingen from 22nd to 28th 
April, 1909. The lectures principally dealt with the Integral Equations 
and their applications to Physics and Astronomy. 

The subjects of the lectures were as follows :— 

1. The theory of integral equations. 2. Application of integral equa- 
tions to the theory of tides, 3. Application of integral equations to the 
theory of Hertzian waves, 4. Reduction of the Abelian integral. 5. On 
the transfinite numbers. 6. The new mechanics. > | 


The late Prof. Minkowski of Gdttingen.—At a special meeting 
_ of the Royal Society of Sciences of Góttingen held on the 1st of May last, 
Prof. Hilbert delivered a very eloquent and instructive address on the 
life and work of the late Prof. Hermann Minkowski. We learn from this 
address that Prof. Minkowski, a Russian Jew by birth, successfully com- 
peted for- the Grand Prize of the Academy of Sciences of, Paris, when he 
was only an 18-year-old student at the University ої Königsberg. He 
lived and died a sage. Even on his death-bed, while suffering from the 
effects of an unsuccessful operation for appendiortis, his thoughts were 
centred on Mathematics, and he spent the last hours of his existence 
making arrangements for the reading of the proof-sheets of a work of his. 


А Mathematico-meteorological Memoir.—Mr. Gilbert Walker, 
F.R.S., the head of the Meteorological Department of the Government 
of India, has written a notable memoir on “ Correlation in Seasonal Varia- 
tion of Climate” (vol. xx of the Memoirs of the Indian Meteorological 
Department). The memoir is confined to a deduction of the correlation 
coefficient, the regression equations for ато or more variables, and the re- 
maining formule of great importance in а the theory of correlation. 

Relevance. ої" Mathematics.—In nature, May’ 27th, 1909, Мт, 
Philip Н. B. Jourdain has written an interesting and instructive paper 
on the logical nature of all mathematical conceptions and methods, as 
opposed to Kant's view that-mathematical reasoning is not strictly formal 
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but always uses a priors intuitions of Space and Time. Mr. Jourdain hae · · 


noticed how there appeared in the mathematics.of the nineteenth centüry 
ал increasing tendency towards critical examination into the validity and 
the limits of validity of mathematical conceptions and methods, how 
Gauss combined, іп an unexampled degree, the'power of discovery and pro- 


found critical insight, how of still greater influence was ‘the work of 27 
Osuchy, the great French mathematician, how Oauchy may be regarded, 
as the indirect inspirer of Weierstrass, who in his- turn. was the chief- 


inspirer of Georg Cantor, and how it is to the influence of Cantor and 
Dedekind that we owe that line of thought which has resulted in this 
„great discovery of the logical nature of mathematics. 


' The Osiris Prize.—The Institute of France has awarded the Osiris 


` Prize, of the value of 100,000 francs, to M. Lonis Blériot and М. Gabriel ` 


Voisin for their experiments and achievements in aérial navigation. The 
_ prize is awarded every three years to the most remarkable contribution to 
the cause of human progress during that period. E 


Prize Problems.—The Academy of Sciences and Lite, Denmark, 


has issued a circular setting subjects for prize essays, among which the | 


one on Astronomy is as follows :— 
4 То examine ће conditions in which it is possible to determine the 


"y , mass of a comet and to investigate’ whether these conditions are satisfied 


by comets which do not traverse exactly the orbits calculated for them by 
‘the usual methods, It is required that for at least one- comet of this olaas, 


а 


2 


77 the orbit should be caloulated, using the whole of the seven constants of - - 


+ we 


the formule relating to the movement of two bodies,"and that the resulta ` 


“Obtained:should be compared with those of observation." 
mo The prize would he the gold medal of the Academy, valued ‘at abou 


! - 7 #18: The paper must ba sent in‘to ‘the Secretary, Prof. H. G. Leuthen, the 
я University, Coppa before 3lst-October, 1910, and may be "written in 


2 овде, anda prize.of. 600. france for an essay expounding and ‘completing 
- thé  тебеагоћев made-in the Calculus of Variations since 1860. . р 


М . English. “ 


a -The Royal Жылын оғ Belgium &nnounces E in the year 1910, d 
got will award a prize of 800 francs for systematio, and didactio exposition of - 


the recortt ‘researches on the partial differential equations of the second 


у 22 The ‘Royal Society of Naples announces that, in the year 1910. it 


will award а prize of 1,000 francs for a memoir, which must contain a 


ў systematio exposition of the acquired notions on the geometrical configura- 


-- l tions of -the ` plane aid of the spaces occurring in connection with the 


5 theory.of substitutions, and which may contain some new contribution as 
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-The Prince J ahlonowski ‘Boviety ої Leip&io announces ‘that в prize of 
1,500 marks will be awarded i iu 1910 for an essay advancing. the-theory of 
“fandamental superposition " in the subject of potentials, and that a prize 
of equal value will be awarded i in 1911 for a new contribution to the theory 


of rainbows: « 
^ It is ойый that the grani prize (of 10, 000 а of tho Аов- 


- demy dei Lincei-of Rome Љав been divided between Prof. E. "Enriques of 


Bologna and Prof. Т. Levi-Civita of Padua.. 
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